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An experimental and analytical investigation was conducted to
determine the free surface shapes of circular liquid jets impinging
normal to sharp-edged disks under both normal and zero gravity con-
ditions. An order of magnitude analysis was conducted indicating re-
glons where viscous forces were not significant when computing free
surface shapes. The demarcation between the viscous and inviscid re-

gion was found to depend upon the flow Reynolds number and the ratio
between the jet and disk radius.

Experiments conducted under zero gravity conditions yielded
three distinct flow patterns. These flow patterns were defined as
surface tension flow, transition flow, and inertia flow. The flow
regions were classified ia terms of the relative effects of surface
tension and inertial forces. The transition between regions was cor-
related with the system Weber number and the ratio of the jet to the
disk radius. The normal gravity plume shapes were observed to Jump

from one apparently stable flow pattern to another until steady-state
was reached.,

A zero gravity inviscid analysis was performed in which the
governing equations and boundary conditions in the physical plane
were transformed into an inverse plane. In the inverse plane, the
stream function and velocity potential became the coordinates thus
removing the prime difficulty in free surface problems, that of hav-
ing to guess at the true position of the free surface. The governing
equations were nonlinear in the inverse plane thus requiring a nu-
merical solution in which sets of nonlinear algebraic equations were
solved simultaneously. Comparisons between experiment and numerical
computations were made for thz infinite and finite plate cases with

the result that good agreement for the free surface shapes were ob-
tained.
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I. INTRODUCTION

A krowledge of the dynamics of free liquid jets is required for
the solution of a varilety of problems associated with fluld flow
within propellant tanks under low gravitational conditions. In par~
ticular, an understanding of the liquid jet - impact process, as
occurs when liquid impinges upon baffles or tank walls during an in-
flow or recorientation maneuver, will be regquired in order to predict
liquid-propellant location, heat transfer rates and pressure distribu-
tions. The area of liquid jet impingement also has direct applicabil-
ity to the spacecraft fire safety problem, in which water jets are
employed as extinguishant agents under low gravity conditions. In
order to Le'able to predict required delivery flow rates, the accurate
prediction of flow surface coverage as a function of jet momentum is
needed.

There generally appears to be three chief obstacles which have
in the past prohibited the attainment of solutions to steady-state
liquid jet=solid interaction problems. The major obstacle is the
presence of the free surface. 1In order to apply numerical techniques
to the solution of free-jet problems it is necessary to define the area
over which the computations are made by boundaries defined by the free
liquid surface. Unfortunately, the locatlon of the free-surface is
one of the items sought from the solution su that various techniques
must be devised to circumvent this situation. Furthermore, analytical

techniques are restricted solely to two-dimensional problems, whether




a free surface exists or not. The second ohstacle 1s gravity. Liquid
jets in air (free jets), unlike liquid-into-liquid jets and gas—into-
gas jets (submerged jets), are affected significantly by gravitational
forces. The free-surface shape and velocity profiles are dependent on
both the magnitude and the orientation of gravity. The addition of
gravity necessarily complicates a model either through the governing
equation or through the boundary conditions. Neglecting gravity in
the model makes questionable the comparison of the theory with normal-
gravity experimental data. The final obstacle is surface tension, an
effect which has generally been neglected in almost all studies on
free jeta. The addition of surface tension into a model leads to non-
linear free surface boundary conditions.

The purpose of this report is to present the results of an exper-
imental and analytical scudy conducted at the NASA Lewis Research Cen-
ter concerning zero gravity isothermal liquid jet impingement. An
axis mmetric liquid jet was impinged normally onto a sharp~edged disk
under conditions in which both inertial and surface tension forces
are of importance. The experimental free surface shapes were corre-
lated with known system parameters. An analytical model was formu-
lated and the free surface shapes and streamlincs were calculated for

a number of discrete cases.




II. LITERATURE SURVEY

A. Experimental Studies

Very few experimental studies have been conducted to examine free
Jets impinging on solid surfaces. No work has been conducted where
the major concern was either the shape of the free surface or the meas-
urement of wvelocity profiles within the jet. Also, only one experi-
ment has been conducted using & two-dimensional jet, A two~dimensional
jet i3 one in which the flow emanates from a rectangular slot in which
the width of the jet is very large relative to the thickness of the jet.
Schach (38) measured the pressure distribution and analytically calcu-
lated the free surface shape and velocity distributions for jets im-
pinging onto flat panels at various impingement inclinations relative
to the direction of flow. The jet employed had dimensions of 21 by
115 mm. According to Schach, the jet diverged spatially after imping-
ing upon the panel and thus it can only be considered as truly twow-
dimensional close tu the centerline. An excellent account of an
elaborate experimental apparatus for oLraining a quiescent circular
water jet in normal gravity is given by Donnelly, et al. (11).
Their major concern was jet stability under imposed audio frequency
disturbances and, therefore, the impingement phenomenon was not di-
rectly observed. Rupe (37) and Stephens (41) experimentally meas-
ured the pressure distribution caused by circular jets striking solid

surfaces in normal gravity. However, neither Rupe or Stephens meas-~

—



ured the free-surface shape or discussed any instabilities which oc-
curred.

In nearly all flows where a circular liquid jet strikes a large
flat surface, typically what happens in normal gravity is that the
11quid jet impinges on the surface and moves radially outward from
the stagnation point until a certain radial distance is reached
whereupon an instability known as a circular hydraulic jump occurs.
The jump is characterized by an abrupt increase in the liquid depth
and turbulent filuld motion. Koloseus, et al. (22) were concerned
solely with predicting the behavior of the circular hydraulie jump.

A water jet impinging on a flat plate of epoxy material was employed
in these experiments. The circular hydraulic jump was the subject
for a very complete study conducted by Nirapathdongporn (33), whose
report contains an excellent description of various devices for meas-
uring jet shapes and jet diameters.

All of the above mentioned studies deal with normal-gravity,
liquid jet-solid impingement. There have been no experimental studies
on the impingement of 1iquid jets under zero-gravity conditions.

B. Analytical Studies

1. Steady two-dimensional potential flow. - A number of papers

and books have discussed steady-state two-dimensional free jets im-
pinging on a variety of surfaces using analytical techniques. The
majority of these studies were concerned with irrotational, incom-
pressible, inviscid flow, in which the effects of gravity and surface
tension were neglected. One of the major attractions of thie type of
problem is that it can be handled using complex potential theory and,

therefore, can be treated analytically.




A two-dimensional jet striking an infinitely flat surface at
various angle= was examined by Batchelor (4), who solved for the limit-
ing stream thickness as a function of flow impingement angle and jet
diameter, However, no attempt was made to predict free~astreamline
shape. Schach (38) treated the impingement as a function of angle
using Prandtl's hodograph method, and obtained the equations for the
free surface shapes, flow distribution, and pressure distribution for
the case of impingement on an infinitely wide plate. Kochin, et
al. (21) also examined the impingement of a two-dimensional jet
obliquely to an infinite flat plate, and discussed the case of im-
pingement on a plate of finite length. The equation of the free-
surface for the case of a two-dimensional Jet striking a flat surface
at right angles is presented by Milne-Thomson (30) wiu also solved
for the velocity compunents within the jet. An excellent discussion
of the techniques for handling two-dimensional free jet problems is
presented by Gurevich (14). Some of the two-dimensional flows ex—
amined by Gurevich include flow around a finite vedge, perpendicular
to a finite plate, obliquely to an infinite flat plat.. and flows
where a variety of solid objects are positicned adjacent to one wall
or between two walls. Chang, et al. (9) analyzed the two-dimensional
flow of a jet interacting with a number of flat segments at angles teo
one another. The results include flow turning angles but not frce
surface shapes or velocity profiles. The irrotational flow pattern
of a free jet discharging from a slot and flowing past a wedge was
analyzed by Arbhabhirama (3). All of the above texts and articles
were concerned with analytical techniques for obtaining solutions.

The area of steady two-dimensional potential flow represents the most
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complete area of research in the field of Jet impingement,

2. Steady axisymmetric viscous flow. - Watsor (43) has analyri-

cally investigated free jet-impingement for the case of large Reynelds
numbers wherc the viscous forces are confined to a thin boundary layer
adjacent to the plate. A similzvity solution was obtained for both
the two-dimensional and axisymmetric velocity profiles and free sur-
face shapes for the case of normal impingement. As mentioned by
Watson, the similarity solution can only be expected to be valid when
the radial distance is sufficiently large for the incident jet to have
lost its influence. The effects of gravity and surface tension were

neglected in the analysis. Watson solved for the radial position of
the circular hydraulic Jump,

C. Numerical Studies

1, Steady two-dimensional potential flow. - When the shape of

the solid upon which the Jjet impinges becomes cowplex, numerical
techniques for the solution of free jet problems have to be applied.
Jeppson (19) presents an excellent article in thig regard. Jeppson
employed the stream function and the velocity potential as the inde-
Pendent variables and the coordinates as the dependent variables, A
similar inversion approach has been previously used to sslve a variety
of fluid dynamics problems as shown in references 5, 20, 31, 42,

and 44 and is mainly attributable to Thom and Apelt (42). Using this
technique, Jeppson was able to circumvent the problem of working in
the physical plane and having to guess at the true position of the
free surface. The latter iterative approach was used in references
1, 8, 13, 27, 32, 36, and 40 with limited success. Jeppson solved

the problem of the two-dimengional flow over a wedge, and, as such, is

o




the only one to have attempted numerical solutions of this problem.
Lastly, Chan (7) applied the finite element method to a number of
frea-surface flow problems, including the flow from a circular ori-
fice.

2. Steady axisymmetric potential flow. ~ The solution of axi-

symmetric flow problems cannot vtilize the powerful tool of complex
analysis. For this reason, only numerical solutions can be attempted
for problems of this nature.

LeClere (25) studied the impingement of an axially symmetric
1iquid jet perpendicular to a flat surface. The shape of the free
surface was found using an electrical analogy. This method thus
fixed the position of the free surface and enabled the author to ap-
ply standard finite-differencing methods and employ Soathwell's re-
laxation technique to solve Laplace's equation. Jeppson (19) applied
his inversion technique to find the flow pattern and free-surface
shape for the case of axisymmetric flow past a variety of bodies of
revolution, including cones. Jeppson also applied his technique to
the solution of a jet of inviscid, incompressible fluid issuing from
a nozzle into the free atmosphere. He indicates how his method may
be extended to a variety of cther problems. Schach (39) used a semi-
analytical technique based on Trefftz's approximate method to find
the shape of an axisymmetric free jet impinging normally on a plate.
Also presented in Schach's article was the pressure distribution on
the plate which was calculated from the velocity distribution using
Bernoulli's equation. Young, et al. (45) and Brinauer (6) determined
the flow pattern past two disks immersed in axieyumetric flow. Both

Young and Brunauer solved Laplace's equation in the physical plane.
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No analyses have been conducted for the case in which an invigeid
free jet impinges upon a plate of finite thickness.

The articles mentioned above encompasa all the known solut.ions
with regard to axisymmetric jet impingement. References 7, 8, 20,
27, and 40 deal specifically with numerical methods applied to free
surface problems in which no impingement occurs, Jeppson (20) em-
Ployed an inverse formulation while the others worked in the physi-

cal plane.

3. Unsteady two-dimensional and axigymmetric potential flow., -

Huang (17, 18) has investigated unsteady flows and considered the
impact phenomena for both two-dimensional and axisymmetric jets.
The major interest in these articles was in obtaining the inftial

pressure distribution due to liquid iwmpact,

4. Steady potential flow including gravitational effects, -

The addition of gravity in analyses for potential flows causes no
serious formulation problem for either the two~-dimensionai or axi-
symmetric case. The reason for this is because its effect enters
only through the free-surface boundary conditions and not the gov~
erning equations. Jeppson (19) included gravity in his analysis of
the impingement on a two-dimensional wedge. Moayeri, et al., (31)
Southwell, et al. (40) and Chan (8), all considered the effect of
gravity in dealing with steady, potential, free-surface problems in

which no impingement occurs.

5. Steady potential flow including surface tension. - Zhukovskii

(46) has indicated how to include the erfects of surface tension, He
examined a two-dimenaional problem using complex analysis, but his

method is not extendable to either axisymmetric or three-dimensional




flows,

6. Steady three~dimensfonal potential flow. - Intil very recent-

ly, very little had been accomplished in the arca of three-dimensional
potential flow with a free surface, much less including impingenent.
Davis and Jeppson (10) developed a computer program to solve free-
surface problems of this type using the inverse method. Michelson
(28, 29) alac examined jets under these conditions. He treated the
case of an axisymmetric jet impinging obliquely on a flat surface,
and analytically showed the occurrence of wedge-shaped dry zones when
the impingement angle was less than a critical value. Free-surface

shapes are not obtainable using Michelson's method.
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I1I. ORDER OF MACNTTUDE ARALYSIS

A. Formulation

The problem under consideration is the viscous flow of a circular
liquid jet as it impinges normally to an jnfinite flat plate, as shown
in Figure 1. The objective 1is to determine the free gsurface shape of
the impinging liquid and the velocity profiles within the jet. In gen-
eral, flows of the type described will depend on viscous, gsurface ten-
sion, inertial and body forces. Physical intuition tells us that if
the velocity is large and the diameter of the plate is sufficiently
small, there will Le regions wherein viscous forces are not of prime
importance in determining the resulting flow behavior, particularly
the free surface shape. The viscous forces, in this case, will be con-
fined to a thin boundary layer on the plate which originates from the
stagnation point. The location of the stagnation point is shown in
Figure 1. The jet or nozzle radius is Ry and the distance between
the plate and nozzle is given as H. A cylindrical coordinate system
(r,z) emanating from the stagnation point is chosen. An order of mag-
nitude analysis will permit the governing equations to be simplified
4o that an analytical solutiom can be attempted. For axisymmetric, .
isothermal, incompressible steady flow under weightless conditions,

the governing equations in cylindrical coordinates can be written:

Continuity:

; (ru) + 3? = ) (1)

10




1]

Momentum:

r Component:

. . : .2
Ju o, Ay ap o Ja 1 3 1y .
p( ar TV 3:;.) ot “{ir [r ar (r“)J * 322} )

2z Component:

2
av, o\ _ak, [ra g oavy, % .
°(“ ar TV az) =5t “[r 3F (‘ 3r)+ 2] 1

a9z

Boundary conditions are required on the flat plate, along the

axis of symmetry, at the nozzle exit, on the free surface, and at

r = L.
On plate
u=20
on 2=20, all r
v=20

Along axis of symmetry

u=20

en r 0, all =

v _
Jr 0

At the nozzle

v e =y
on 0<r 5_Ro, z=H
u=20
At r =1L
u = ulz)
on r=1,0<z<{(L)
v = v(z)

On the free surface, denoted by 2z2g =

(4)

(5

(6)

(7)

f(r), two boundary condi-

tions are required since the free surface position s an unknown to be

determined as part of the solution.

The details of the calceulation

R | |
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for the boundary conditions along the free surface can be fownd In Ap-~

pendix A. (See eqs. (A.10) nd (A.14).)

n the free surface

r 4f
2 2 o d . " dr 1 a1y2 _ o . !
2 WAV -8 g [ rar\2| 2 AP o )
o}
v+ (5
(8)
and
df _ -
U ar +v =20 on 2z f(r) (9)

In equation (4}, the no-flow and no~slip boundary conditions are
applicd at the wall. Equation (5) is a statement involving the known
geometrical symmetry of the problem, while equation (6) imposes an
initially uniform velocity profile on the incoming jet. Equation (7)
simply states the velocity distribution as the liquid leaves the con-
trol volume. Equation (8) is a statemeni of conservation of mechanical
energy along a streamline, while equation (9) states that the normal
velocity component on a streamline is zero. The second terms on the
left and right sides of equation (8) are the contribution of surface
tension to the mechanical energy balance.

The solution of the problem can be greatly facilitated by simpli-
fying equations (1) to (8), Specifically, the method of obtaining the
minimum parametric representation of a problem will be employed in
order to simplify the governing equations, This method 1s described
in detail by Krantz (23) and is the most systematic approach for scal-
ing the governing equations. The initiatl step 1in the minimum paramet-
ric representation method is to form dimensionless variables by intro-

ducing characteristic scale factors for all dependent and independent
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variables. The unknown scale factors are defined as Ug, Vg, Ty, 7y,
Pos» and f,.

Dimensilonlesa variahles are now defined as:

u v r zZ P f
uk = —— yk = —— ¥ = —  of - ok o= Lo fh om T (10)
u,’ v, r,’ 25’ Po' f,

Introducing these dimensionlesas variables into the differential
equations and boundary conditions, and arbitrarily making the coeffi-
cient of one term in each differential equation and boundary condition

equal to unity, results in:

Continuity:
Uz
vk 00 1 3
—_ kuk) =
az% V. r r* jrk (r*u¥) 0 (1)
o o
Momentum:
r Component:
2 2
PUs%o aux  PVo% aurt _ PoPo 3p*
u ark + v* 3z%  r pU_ ark
ToH r H o¥ o
2
z 2
0 9 l 9 3 vk
b o— | = (Rt + -
2 ark [r* ork (r*u )] e (12)
r az*
o]
z Component:
YoZo PR L AN\ L. A Po ap*
rV ark dzk 2 Jzk
o0 pV
0
PN Ny 3"*)4— T ST
2 r* Jr* ark 2z pV_ . *2
ropvo 0 97




14

RBoundary condltlons:

and

On wall
u* = ()
on 2% = 0, all r* (14)
vk = ()
Along axis of symmetry
uk = ()
on r* = (), all =2* (19)
wr o
ark
At the nozzle
v R
vEk = o~ — 0 < r® < '—'9—
Vo - - ro
(16)
ut = 0 ok = R.5
o]
At t = L/Ro
L
u* = uk(z%) on tr* = P
¢ (17
vk = v*(z)
On the free surface
2 df*
* oo
x2 Yo 2 o fo 4 T drx
2 LA B 2 2 dr* p)
* .
vo px V0 1o 1 + Eg_ df*
2 \dr%
r
. o A
2 Ukl
1 4]
=-é-!3'- e on zf x _‘LP (18)
Vv pR Y " ?'u
o o0
LIRS . I&f
*
vk -~ -V'qro :%* 0 on z* ? (ta)
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The scale factors must now be determined. This 1s done by setting
gome of the resulting dimensionless groups in the cquatlons and bound-
ary conditions equal to zero or unity, the groups chosen depending upon
the physical conditions for which the equationa are being scaled (23).
Characteristic lengths are usually determined from the dimensionless
groups generated by the boundary conditions, while characteristic
times, velocities, etc., are determined from dimensionless groups
generated by the differential equations. The guidelines in deter-
mining the unknown scale factors are:

() Do not introduce any mathematical contradictions

(2) Do not violate physical intuition,.

Boundary conditions. - Examining the boundary conditions. it is

apparent that the following dimensionless groups are introduced:

2 2
v % on o1 oew % % oo Lo %%
v r* z2z* r°? z ' 2° 2 2 2 2 2z Vr
o o o 0 0 Vo pvoro ro pROV0 o oo

It is known that v has the range 0 to =V, r has the range
0 to L, z has the range 0 to H and f(r) also has the range
0 to H. Therefore, sektting,

L

vV _ L _ .
v 1 and - 1 (20}
o o

implies that
vV =¥ and r =1L (21)
o )

and ylelds two of the six unknown scale factors.

Some of the above remaining dimensionless groups cannot bhe sex
equal to one or zero without introducing contradictions. Setting
V0 = V¥ and r, = I. into the ahbove ratios, and since it would te ex-

pected that




16
f =2 (22)
the following meaningful ratios remain:

Uozo
VL

2
0 [a)
L ] ¥ »
v ovi? 12

Setting the second or fourth ratio equal to one or zero wo:1d violate
physical intuition. Therefore, the ratios to be considered are

H azo Uozo
» ]
z, pv2L2 VL

At this point an attempt was made to set H/z0 = 1 such that Z,
would equal H. This seemed logical because 0 to H was the range
of z. However, this leads to some confusing results in terms of the
physics. For a given flow condition, it is argued that for a certain
(minimum) value of H up to H = =, the flow pattern in the vicinity
of the plate is not expected to change. This is shown schematically

in Figure 2. This argument has been experimentally verified and will

be discussed at some length In Section IV, Experimentation. The major

point is that H cannot be a characteristic length in the problem

either with reference to z, or fo' This leaves two remaining ra-

tios from consideration of the boundary conditions.

ozo Uozo
e

pv

Accordingly, all possible information from the boundary condi-
tions has been obtained. Two of the six scale factors and a relation-
ship between two others has been determined. The governing equations

must now be examined.
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B, Continuity Equation

From the physica of the protlem, it is known that mass must be
conserved. Hence, the continuity equation nust be valid in its dimen-
slonleas form (eq. (11)). 1If the dimensionless derivatives avk/azk

and (1/r*)(3/ar*} (r*u*) are to be of the same order of magnitude, it

is required that

vr -1 (23)

With VB = V and r, = L, it is found that

UOZO
22 - 1 (24)

Solving for Uo’
U, =7 (25)

This, of course, is an equation relating two unknowns, Uo and z, . It
is noted that the same information could have been obtained by setting
the second of the two ratios remaining from the consideration of the
boundary conditions equal to one.

C. Momentum Equations

It 1s the objective of this analysis to define that portion of
the fiow for which an inviscid solution is valid, For this case, the
Pressure forces are balanced by the inertia forces. This fact allowa
us to deterrine the scale factor for the pressure, Po' If the dimen-
sionless pressure gradient in equation (13) is to be the same order

of magnitude as the dimensionless inertia term,

P

o
™
1§
-

(26)

Q
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Thls implies that

thus, the characterigtic Pressure ig the stagnation value,

D. Phyaics of 2z,

The remainiag unknown to be determined is 2,+ At this point

some physgical arguments are Neécessary, Recall that it hag been shown

istic values of 2, vary ag R,. Defining

=R

2, s (28)

then U, can be found from equation (25),

B ema

b = % (29)

Problem. The results are ag follows;

(27)




2
R
Jukx duk 0 op*
* L2 x 22 o . =
Re u s + Re v Y Re ( L‘) r
R \2 2
0 2 |1 = 3 vk
+(T) ar*[?i ark (r*“*)] t 2 (30)
dzk
a2 vk 3p*
* * 2 -
Re u e + Re v g Re S gk
2
R 2
o 1l 3 vk 3Tvk
* ('I.") T* ar% (r*'ar*) t2 (31)
azk
where Re 1s the Reyuolds number defined as
pVRO
Re = T (32)

The equations are now in the form in which it can be determined what
the conditions must be such that viscous forces are not significant.
The major parameters in this problem are (ROIL) and Re. Since all
the starred or dimensionless terms in equations (30) and (31) are of
unit order, only the coefficients of the individual terms need be
considered in order to make statements regarding simplifications.
Considering equation (30), it can be seen that since (RDIL)2 < 1,
both the inertia and pressure forces will be an order of magnitude
greater than the viscous forces provided that,

Re >> 1

R 2

Re (—f—) >> 1 (33)
From equation (31), since (ROIL)Z << 1, no new information is ob-
tained. The governing equations will be reduced to a gimplified form

of Euler's equations of motion.
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R 2
duk duk _ o ap¥
uk Ty + v Pyl ( L) Sok (34)
vk vk _ ap*
ut ark + v az*  az* (35)
E. Results

Restricting the viscous forces to be at least ..o orders of mag-
nitude smaller than the inertial or pressure forces, there results

Re > 100

R 2
Re (’1’.9) > 100 (36)

Since (ROIL) is less than one by definition, the coefficient to con-
sider is the second one in equation (36), since this will be the limit~
ing one. Under the following restrictions,

(1) Re > 100
RO
(2) < 1 (37)

the Euler's equation of motion are obtained. The equation

Re(RolL)2 = 100 1is shown graphically in Figure 4. The line shown in
Figure 4 separates the inviscid from the viscous region, A physical
understanding of the problem is made clearer by reference to this
plot. The higher the incoming jet Reynolds number becomes, the
thinner will be the boundary layer at svme fixed radial pcsition from
the stagnation point. As seen from Figure 4, at lower values of the
ratio Ro/L (perhaps obtained by increasing the disk radius L),
higher Reynolds numbers are required in order to avoid viscous influ-

ence. Finally, within the viscous region, the boundary layer will
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grow until a radial length is reached where it becomes equal to the
free surface height. The effective design of an experiment is now

possible so that the flow can be considered esgentially inviscid.




IV. ZERO GRAVITY EXPERIMENTATION
A. Apparatus and Procedure

1. Tesv facility. - The experimental investigation waa conducted

in the 2.2-second drop tower. The exact specifications of the fa-
cility, the mode of operation, and release and recovery sy<tems are
described in detail in Appendix B. The drop tower provides us with
a 2.2 second weightless environment in which to conduct the tests.

2. Experiment. - The experiment package used to obtain the data
for this study is shown in Figure 5. It consists of an aluminum
frame in which were mounted the jet reservoir, disk, a 16 millimeter
high speed motion picture camera, supply tank, backlighting scheme,
and batteries. The major functions were controlled by on-board se-
quence timers.

A diagram indicating the manner in which the flow system operates
is shown in Figure 6. This is a pressure controlled system in which
the flow was initiated by opening the solenoid valve. Prior to the
drop, liquid was contained in the line between the liquid supply tank
and the jet reservoir. In additionm, the jet reservoir was completely
filled with the test liquid.

Initially; the object was to employ two~dimensional jets during
the experiments. Schach (38), was the only author who investigated
two-dimensional jets, although it is impossible to determine how rec-
tangular his jets really were. Several attempts were made to fabricate

a two-dimensional nozzle (slot) for use in the zero gravity studies.

27
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Initially, the slots built were quite crude; a rectangular hole cut in
a section of plexiglass; a balaa wood jet sealed with epoxy cement.
Later, alots were accurately designed in order to achieve the desired
flow. The slot length was arbitrarily chosen as 5 centimetcrs and its
width as 0.25 centimeters. Approximately 45° tapers were made to tho
opening along both the . 1de and narrow sides. The results of the zero
gravity testing were as follows: The jet contracted in the long diree-
tion ‘5 cm) and expanded in the narrow direction (0.25 cm). A tendency
to become cylindrical probably due to the effects of surface tension,
was observed. A redesigued version of the slot was tested, which em-
Ployed absolutely no taper in the narrow direction. This also failed
to yield a rectangular jet. When these approximate slot jets impinged
on various flat plates, the jet diverged radially. In cther words, it
was impossible to prevent spreading in the lateral direction for an un-
constrained surface. Various methods were tried to eliminate this
lateral spreading and to force the impingement flow to be completely
two-dimensional. The flow was impinged on rectangular plates having
the same width as that of the slot, 5 centimeters. The result of these
tests was that the liquid simply fell off or went around the plate.
A large rectangular plate was used and the region greater in width than
5 centimeters was sprayed with fluorocarbon since distilled water does
not wet a fluorocarbon surface. This also failed., All attempts at
using a two-dimensional slot jet were subsequently abandoned and axi-
symmetric jets were pursuved.

A schematic drawing of the jet reservoir, which was fabricated
out of acrylic plastic, is shown in Figures 7(a) and (b). The critical

feature of the jet reservoir is the 45° taper to a circular hole of




24

diameter D. The range of dlameters studied was from 0.5 to 1.5 centi-
meters., In addition, the transition bhetween the circular hole and con-
ical taper was rounded smooth., The taper prohibits boundary layer
buildup and allows the liquid jet to exit from the reservoir with a
nearly uniform velocity profile. Based on the experimental results of
reference 24, a total angle of 90° is more than sufficient to insure a
uniform exiting velocity profile over the range of Reynolds numbers
studied.

Sharp-edge disks, also fabricated from acrylic plastic, were
mounted above the jet reservoir by means of a threaded rod such that
the flat surface of the disk was at right angles to the impinging 1i-
quid jet. Sharp-edged disks were employed in the study rather than
finite thickness disks in order to develop an analytical model for the
flow. As was learned later, the thickness of the disk edge is only of
importance for those flows dominated by the effects of surface ten-
sion. The diameters, 2L, of the disks were 2.0 and 3.0 centimeters.

A schematic drawing of the disks 1s shown in Figure 8.

3. Test liquids. - Two test liquids were employed, anhydrous

ethanol and trichlorotrifluoroethane. Their properties at 20° C ure
listed in Table 1. No attempt was made to correct the fluid properties
for temperature changes. It 18 noted that both of these test fluids
possess a nearly 0° contact angle on an acrylic plastic surface. How-
ever, this was not the reason why they were chosen as teat fluids.

They were chosen because of their relatively low viscosity and avail-
ability.

4. Test procedure. - Prior to a test run, the jet reservoir, disk

and supply tanks were cleaned ultrasonically with a mild detergent.
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After these parts were rinsed with methanol, they were dried in a warm
air dryer. The supply tank was subscquently filled with the test lig-
uid and the jet reservolr was filled by pressurizing the supply tank.
This procedure eliminatnd air bubbles from the lines cnsuring accurate
flow rates. After the jet reservoir was completcly full, the supply
rank was sealed and two accumulator bottles (not shown in Fig. 5) were
pressurized with gaseous nitrogen to a predetermined value, The ac-
cumnlator bottles were designed to be of such a volume that no appre-
ciable pressure drop cccurred during the drop.

Electrical timers on the experiment package were set to control
the initiation and duration of all functions programmed during the
drop. The experiment package was then balanced and positioned within
the prebalanced drag shield. The wire support was attached to the ex-
periment package through an access hole in the shield (see Fig. B3(a)
in Appendix B). Properly sized spikes tips were installed on the drag
shield. Then the drag shield, with the experiment package inside, was
hoisted to the predrop position at the top of the facility (Fig. Bl)
and connected to an external electrical power source. The wire support
was attached to the release system, and the entire assembly was sus-
pended from the wire. After final electrical checks were made and the
experiment package was switched to internal power, the system was re-
leased. After complecion of the test, the experiment package and drag
ghield were returned to the preparatien area.

B. Experimental Results

1. General considerations. - In addition to the measurement and

observation of steady state liquid flow patterns, two separate phenamena

were observed. First, no circular hydraulic jump occurred during any
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of the teats even though they are a common oceurrence under normal
gravity conditions. Secondly, the initial impact of the jet upon the
golid surface provided another unusunl phenomena, that of the rebound-
ing liquid droplet. At high flow rates, the jet broke up prior to Im=
pinging upon the disk. The fi.st droplet tended to impinge upon and
gtick to the disk, spreading as it did. However, the aecond droplet
impinged and rebounded off this wetted surface sometimes into the in-
coming liquid jet. This provided no serious problem with the attain~
went of a steady state flow pattern sipce this all occurred during

the transient phase.

The jet generally appeared to go through three phases during the
impingement process. The initial phase, including the droplet pinch-
off and subsequent impingement, was termed the transient phase. After
a certain period of time, a steady state flow pattern was achieved
from which the free surface shapes were measured and observations
were made, A third phase was reached shortly after the jet had
reached its equilibrium configuration. The flow pattern developed an
instability. Initially, the instability started from the jet which
began to oscillate, and then spread to the plume. Since the time over
which the jet and flow pattern appeared stable and smooth was finite,
steady state data could be cbtained. It was observed that the time
before breakdown was inversely proportional to the back pressure dur-
ing the flow. At 1 psia, for example, the jet remained atable for
1.5 seconds while at 10 psi, it was stable for approximately 0.4 sec-
onds. An attempt was made to lengthen the time over which stability
occurred by packing the nozzle chamber with steel wool. This appeared

to be effective in improving the overall stability but had the negative
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effect of introducing a low level percwrbatlon throughout the test and,
thus, was not employed during any of the experiments,

2. Effect of nozzle helght., ~ Several tests were condueted fnl-
trndly to determine the effect of H, the distance between the nozzle
and the disk, on the experimental flow pattern, Tr was determined thar
there is no effcet on the liquid flow provided that the ratio of the
nozzle height H to the jet diameter is greater than 3. As a resuld,
all zero gravity experiments were conducted in order to eliminate this
effect. This fact, which was determined experimentally, supports the

argument made in Section IIT, Order of Magnitude Analysis, concerning

the assertion that H could not be a scale factor for the axial co-

ordinate.

3. Steady state flow patterns. - The approximate steady state

flows for three different jet velocities are showm photographically in
Figure 9. The direction of flow of the liquid jet is vervically up-
wards. The threaded rod and bolt observed in the film clips is the
disk holder which connects the sharp-edged disk assembly to the rig
frame. The jet velocity increases from left to right in the figure.
Thrze distinct classifications of flow patterns were observed to occur
and are shown labeled in Figure 9 as surface tension flow, transition
flow, and inertia flow. Surface tension flow (Fig. 9(a)) is definud
as that flow in which the liquid flows completely around the disk with
no separation occurring from the diuk edge. Tn transition flow

(Fig., 9(b)), surface tuensiva and inertia forces are both important,
Transition {low 1s defined as flow in which geparation oceurs from the
disk and the resulting liquid sheet efther collects upon itself Torm-

ing an envelope or has the tendency to do so. Ineveia flow (Fig. 9(¢))
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ig definod as that fiow in which the liquld separates from the dick
with no liquld turning towards the jor centerline attempling to Torn
an envelope. The flow pattern shown for transition flow 1s not really
the stendy seatoe flow pattern one would expect If steady state eondt-
t.long could have been reachod. The reason for this is as fo)lows;
Some liquild 1s always traveliog toward the disk from the point
which the envelope meets.  This liquid flow strikes the bark of the
haffle and subsequently disrupts the inltially formed cnvelope. The
recirculation flow then is a etroog function of the peometry of the
disk holder, an uncontrollable parameter. This important distinction
means that an analysis for free surface shapes would have to account
for the geometry of the disk holder in the transition region. The
surface tension flow s generally slow amd, as a result, does not
quite reach a steady state configuration on the back side of the
disk. The inertia flow tests (represented by Fig. 9(c)) always
reached steady state.

The experimental tests were conducted in the inviscid region of
Figure 4. Depending ~n the particular ratio of (Ro/L)' there exists
a minimum Reynolds number below which the runs can no longer be con-
sidered as viscous-free. The experimental results are listed in
tabular form in Table 2 in which all the important parameters as well
a3 the flow classifications are contalned. One additional parameter,
the Weber number, is listed in Table 1. As will be shown in the next
rection, when the Reynolds rumber is no longer a parameter to con-
gider for flow classifications, the Weher number and ratio (RU/L) re-
main. The ' hYer number 0V2R0/U, i4 baslically the ratio of inertia

to surface tension forces. In the flow category column, 53 fndicates




29

surface tension flow, T indicates transition flow, and T 1is inertia

flow. Finally, it is noted that the designated flow classification
for some cases, particularly those bordering transition or inertia
flow, could easily fit iato either category.

4. Zero gravity results. - The data contained in Table 2 is
shown graphically in Figure 10. The lines indicated in the figure
were faired in by hand and separate the various flow classifications.
It 1s observed that at any particular value of the ratio (Ro/L)’ the
flow classification is dependent only on the gystem Weber number.

Two critical Weber numbers occur at a constant value of (ROIL). The
loweat critical Weber number separates the surface tension flow from
the transition flow while the higher critical Weber number separates
the transition flow from the inertia flow. 1In addition, the critical

Weber number between regimes was found to decrease as (RO/L) was in-~

creased,




V. DPOTENTIAL FORMULATION
A. Governing HEquations and Boundary Conditions in Physical
Plane Including Surface Tension

In Section IIT, Order of Magnitude Analysis, it was shown that

at any particular value of Ro/L if Re » Recr the flow in the re-
glco of the disk ecin be considered as viscous free. It is further
assumed that the jet will continue to remain viscous free after leav-
ing the disk. There will be no shear stress between the exiting radial
jet and the ambient air surrounding it.

1. General formulation. - Consider the flow of a circular liquid

jet impinging normally on a circular disk as shown in Figure 11. R0 is
the jet radius, I. is the disk radius, and H is the distance betiween
the jet reservoir and the disk. The incoming jet velocity is given as
V and the initial velocity profile is assumed to be uniform. There
will be two free surfaces involved. The upper free surface is defined
as z_ = fl(r) and the lower surface as z = fz(r). In addition. a
third surface is required for the complete formulation of the houndary
value problem. Initfally, this surface was chosen as the straight line

FE shown in Figure 11. lowever, this .roved to be inconvenient since

FE 1is arbitrary and, thus, has no known boundary condition. It was

found convenient to instead choose the surface 2z = fj(r) to be a sur-
face along which the veloclity potential is constant. Various points
in the physical plane have been designated with letters rapeinge (rom

A to ¢ for convenience.,  In eylindrical coordinates, the governing

30
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equations and boundary conditions in terms of primary variables (u,v)

are given as follows:

Qontinuity:

1l 3 v

= . * — =

r oar (ru) 9z 0
Momentum:

r Component:

3u duy _ _ 2p
pCu ar v az) ar

z Component:

av, v . _3
p(u ar T Bz) 3z

[}

The following boundary conditions are applied,

On DC
v-20 on 2=0,0<r <L
On AB
us=0 0<r <R, z=H
On BC
ap r=0,0<zzmE
On AG
fl
1,2, .2 o d | 1.2 o
— + - e o o= eteam—— B - — =f
7 (u vY) or dar = fiz 5 v R on z_ 1(r)
And
it f ! = =
uf1 + v =0 on z fl(r)
On DE
rf!
..]L 2 2_.------—-.--g----------—2 ﬂ-l-'-z_—o—— e oE=
5 WtV ) 5T dar WD > v oR_ on 2z = (,(r)

(38)

(39)

(40)

(41)

(42)

(43)

(44)

(45)

(46)
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And
—ufi +v=20 on z_ = fz(r) (47)
On GE
u + vfé(r) a on z ™ f3(r) (48)

The derivation for the boundary condition along GE 1is as fol-
lows. Hrlong GE, the velocity potential ¢ 1is constant. By defini~
tion, the velocity vector V is normal to an equipotential surface.

This means that

VxAa=0 on z = fa(r) (49)
The unit normal to fs(r) is
-£31 + ]
= ———— (50)

where 1 1is the unit vector in the radial dfrection and 3 is the
unit vector in the axial direction, and

Veu+ vj (51

Application of equation (49) results in

u+ vfi(r)
‘/t2~
f3'r1

From which equation (48) follows.

a (52)

2. Introduction of Stokes Stream Function. - The primary variables

contained in the governing equations are the scaler velocity components
u and v. The fact that two functions are required to describe omne
vector field is cumbersome. As shown in the theory of hydrodynamics,
the number of functions can be reduced for several important cases,

one of these being axisymmetric flow. A function ¢, defined as

Stokes stream function, can be introduced which automatically satiafies
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the continuity equation. With the additiopal requirement of irrota-
tionality, the governing equation in terms of Stokes stream function
will result. According to Chan (7), Stokes stream function is a mathe -
matical device used to describe the flow and has the following proper-
ties. First, when the stream functio. is set equal to a constant, it
results in different annular stream surfaces in axisymmetric flow.
Secondly, when it is differentiated properly, it yields the velocity
components. Thirdly, taking the difference between the values at two
adjacent stream surfaces yields the flow rate.

Starting with equation (38), the continuity equation for axisym-
metric flow, a guess is made at what u and v are in order to sat-

isfy continuity identically. Assume

=130
u T 9z (53)
And
-1l
v r sr (542

Substitution of equations (53) and (54) into equation (38) shows that
continuity is identically satisfied by these two gues.es. In addition,
the assumption is made that the flow is also irrotational. As a re-
sult
ey
Curl V=0 (55)
For axisymmetric flow, this can be written,

a2y

5¢
az © AT 9 (56)
Replacing u and v in the above by their relationships to w results
ip the governing equation for axisvmmetric flow in toerms ol Stokes

atream tunction
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2 2
3y 1w, 23y, , (57)
322 r or arz

3. Derivation of boundary conditions in terms of Y. - Since BC,

CD, and DE are all a part of the same streanline, they must all have
the same value for Stokea stream function. Let us arbitrarily set
that value equal to zero. The value of y alon: AB and AG can be
calculated from equation (54).

On AB

r ar (58)

Integrating this yields

2
¢ = - o (59)
On AG since AG 1is a line of constant Vs
R,

In addition, equation (44) applies, Substitution of equation (53)
and (54) into (44) yields

]
el (IRl B P S B SC S
z T pr dr 12 p 8
2r 1+ f1

2 2 rf!
1 [(a 2&],_&_4_____2__.&2_;’_ .
2 [(az) + (ar) 4 bprdr 2 v PR on - zg fZ(r)

2r ‘/1 + f52 0

It 1s noted that the second boundary conditions on the free sur-

(62)

faces, namely —ufi + v =0 and -ufé + v = 0, are fully equivalent

to the specification of the value of Stokes stream function along that
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surface. Since ¢ = y(r,z), 1t can be expanded and dy set equal to
zero along AG and ED.

On GE, equation (48) becomes

- g—f + 9;'115 £4(r) = 0 on z = f£,(r) (63)

4. Nondimensionalization of governing equaticvns and boundary con-

ditions in physical planme. ~ The governing equation in terms of Stokes
stream function (eq. (57)) and the boundary conditions {egs. (58)

to (63)) are now put into dimensionless form by introducing arbitrary
scale factors, Let the scale factor for the stream function be -ng.
Let dimensionless quantities be represented by stars, i.e., p* is
dimensionless, The results of this manipulation are shown in Fig-
ure 12. Three parameters appear in the specification of boundary
conditions. They include the Weber number, We, and the dimensionless

length ratios L/Ro and H/Ro. Recalling the arguments in the Order

of Magnitude Analysis sectionm, H/Ro is not really a parameter pro-

vided it is larger than some minimum value. The dimensionless velocity

components can be calculated from the following expreasions

u 1 y*

L
y ..l apx

v Th Ork (635)

The procedure for solution of the boundary value problem as set
up in dimensionless form in the physical plane (Fig. 12) would be as
follows: 1Initially, realistic variations for ff(r), fs(r), and f;(r)
are assumed. Using only one of the two given boundary conditions on
AG and GE (i.e., y* = 1/2 and y* = Q) solve for y* using finite

difference methods, With the initial solution for y¢* check the va-

b
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1idity of the second of the two boundary conditions on At and  GE,
If the boundary conditions are not satisfied, new variations in fi,
f;, and f; must be assumed, A second iteration to P* must be ob-
tained and so on. One of the serious drawbacks of this outlined it-
eration scheme is the lack of knowledge concerning how to update as-
sumed values of f%, f;, and f; based on previous solutions. In
other words, there is no logical way in which to make changes to the

shape of the initially assumed control volume.

5. Surface tension dominated model, - For Weber numbers between

5 and 30 (depending on the ratin R,/L), experimental data shows that
the resulting steady-state flow pattern is surface tension dominated
(see Fig. 9(a)). By previous definition, surface tension flow is de-
fined as that flow in which the 1liquid flows completely around the
disk with no separation from the edge. It is the intent to uodel this
flow in order to solve for thc theoretical free surface shapes and ve-
locity profiles. Assuming axisymmetry, the physical plane model is
shown in Figure 13, In the model, at some cross-section far down-
stream, the flow is assumed to approach the initially uniform flow it
possessed at AB. The exiting plane is denoted by GE in the model.
C and C' are both located at r =10, z=0. C is located on top
of the plate while C' 1s on the bottom. The free surface fl(r),

is not assumed to possess mirror symmetry about the z =0 position.
In cylindrical coordinates, the governing equations and boundary con-

ditions in terms of the primary variables (u,v) are given as follows:

Continuity:

% (ru) + oo (66)

93
ar az
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Momentum:

r Component

du, 3w\ _ 2
"(“ar+"az) ar

z Component

The following houndary conditions are applied

On BC

ve=20 on z=0, 0<r <L

on DC'

v=10 on z=0, 0<r<L

On AB

u=20 0<r 2R, z=1H

On BC

.0 on r=0,0<z<H

Ir -

On C'E

A on r=0, -H<z<0

or -

On GE

u=0 0<r«<R, z=s-H

-~ -0
On AG
rf.
1,2 2 g d 1 1.2 g
=W+ v) == = = V5 -
2 pr dr i;l + fiz 2 PR
and
' -
—uf1 +v=e0 on z = fl(r)

(67)

(68)

(69)

(70)

(71)

(72)

(73)

(74)

on 2z = fl(r) (75) '

(76)

Equations (75) and (76) represent two distinct pieces of informatfion

concerning z, = fl(r). It is noted that fi

can be eliminated from
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the set of equations by means of simple substitution. This fact will
have implications later in the development lcading to a major simpli-

fication. The followlng expression would result,

Lo y.odf o Y_1,2_ o =

2 (u” + v°) °F dr 5 2 v oR on z_ fl(r) (77N
u o]
—'§+1
v

Direct substitution of equations (53) and (54), the relations between
the velocity components and Stokes stream function, into the governing
equation and boundary conditions for the surface tension model results
in the formulation shown in Figure 14 after nondimensionalization.
Similar to the general formulation in the last section, the various
lengths in the problem are scaled with respect to Ro and the scale
factor for Stokes stream function is -VRg.
B. Inverse Plane Formulations

The procedure for solving for the free surface shapes in the phys-
ical plane has been outlined previously. The difficulties encountered
when making adjustments to the free surfaces between iterations and the
lack of a logical manner in which to make the adjustments have been
cited. This would be a time consuming task even in the absence of sur-
face tension. A computerized scheme is sought which offers the possi~
bility of achieving the free-surface results with a minimum of computer
iteration time and user interaction.

1. Transformation formulas. - An alternatc approach to the phys-

ical plane solution is discussed in detail by Jeppson (19). 1In his
article, Jeppson discusses a transformation technique into what is de-
fired as the inverse plane. The coordinate axes in the inverse plane

are the velocity potential ¢4 and Stokes atream function J. The ad-
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vantage to using the ¢¥ space, or Inverse plane, 1s that the free

surface lies along a line of constant ¢ and is, therefore, at a
xnown position. Of course, one must pay the price for knowing the
poaition of the free surface. As will be shown shortly, the governiog

equatlon is no longer lincar as it was in the physical plane.

2. Introduction of velocity potential., - The use of a scialor fune-

tion defined as the velocity potential has been used previously in the
specification of the boundary GE (the exiting plane). The continuity
equation for steady incumpressible axisymmetric flow is given by equa-
tion (38). The flow is also assumed to be irrotational such that the
condition given by equation (56) i1s also valid. Equation (56) implies
that there exists a scaler potential function ¢ such that

->
V = grad ¢ (78)

from which it follows

us= %% (79
and
3 vet (80)

Substitution of equations (79) and (80) yields the governing equation

for steady axisymmetric flow in terms of the velocity potential

2 2
M+l§i+.§_i=0 (81)
az2 r ar ar2

3. Relationship between ¢ and ¢. - It can now be stated that the

relationships between the velocity potential and Stokes's stream fune-

tion are given as:

wed . 1y

ar r dz (82)

and
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ﬂﬂﬂ—;.a"q{ ‘.
Ve T (8%)

4. ngggqg_plgggmigggﬂlgglgg. = In order to formulate the problem
in the physieal Plane, r and 2 must be known as functions of W
and  ¢. In other wordi, we are attempting to reverse the roles of the
dependent and independent variables in‘Lhe inverse plane. The required
relationships are obtained noting that 1f y¢ = y(r,z) and ¢ = ¢(r,z),
then there exist inverse functions r = r(p,y) and 2 = z($,¢) as shown

in reference 13 such that

ar _ 13y
T J 3z (84)
3z _ _123¢
Y J or (85)
22 19y
3% -3 or (86)
ar _ 1 3¢
ay J o9z (87)
and where the Jacobian J is defined as
2% 3
] 3
el (@)@ - @)@ (68)
ay 3 ir/\d3z az/\ar
ar a9z

From the above set of equations follow two fmportant relations. Sub-
stituting into equation (82) the values of 94/3r and 3¢/3z obtained
from equations (84) and (85) yields

d

N
"
2%

(89)

ar
b=

Similarly, substitution of the values of 3¢/3z and w/ir from equa-

tions (86) and (87) into equation (B3) yields

o
a1

J

J

i

0
b B
=, N

(90)

a2
<=
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For mubsequent relations, 1t is necessary to express the Jacobian
in terms of the Inverse function r(y,4) and z{,$). Substituting

cquations (B4) to (87) Into equarion (88) results in

1= () - ()]

Now, using equations (89) and (90) in the above ylelds,

N I,

5. Governing equations for inverse functions. ~ Differentiating

J = -

(92)

equation (89) with respect to Y yields

_ g 9L 9L (93)

and combining this with the derivatives of equation (90) with respect

to ¢, which is

o’ 1 ()(22) ,12% o)
3 3y rz ap/\ 3¢ r 3¢2
it is found that
2 2
3z _13rdz 192, 1 3r3ar (95)
2l g3 00 00 T 2,27 298 %

By using equations (89) and (90), the terms involving derivatives
in equation (95) can be expressed entirely in terms of 2z, giving the
important equation,

2. 2
222y 3-; -2 22 22 (96)
v’ 2

~N

On the other hand, differentiating cquatlon (89) with respeet to
¢ and equatfon (90) with respect to  and combining the result leads

to the equation

3
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alr o a'r + 3 (35) 7.1 ar Az

AR & Er (97)
2 2 r.‘ c](b '['? r]l‘.l th

a¢2 T I
By substitution for dz/34d  from equat Lon (10), the Tollowiap cqnat fog
for r©(¢,¥) 18 obtalned:

" .

) ) -

HET roat ‘

Far further discussion, cquiation (96) will be roferrcd to as the
% equation while equation (98) will be called the v equation. Both
of these equations are nonlinear with the nonlincarity in the » HPTTHES
tion also involving r. It is further noted that both of these equa-
tions are of the elliptic type, as shown in reference 19, This means
that boundary conditions are required for all boundaries in the flow
region. Since the r equation (eq. (98)) only involves that variable,
a solution to the problem begins with its solution.

One final point involves the fact that the variables discussed in
the above inverse transformations are all dimensional. It is noted
that nondimensionalization of the above equations similar to the non-
dimensionalization done in the physical planc allows us to recover the

same equation.

Lf’t
% 2 b
zk = — where z = R
z, o 0
ré = L where r = R
T, o 0
g (99)
¥ 2
*x = ..f_ t3 o P -
Y 0 where wo VRO
'5* 2 ,¢._ = "
} ¢n whera ¢0 VRO )
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The results of this substitution yilelds exactly the same governing

equations and transformation formulas in starred notation. In othoer

words,
2 2
A7z ATzk az? gk
el LB 4 22D o o 92T 227 (100a)
NCR 3 Bo*
and
L s L (ar*)2 +_;_(§_1;35)2 =0 (100b)
aph2 | e gpal | a3 \00% T* \ay*

6. Infinite flat plate excluding surface tension. ~ The first

problem to be examined in which we employ the inverse transformation is
the flow of a circular liquid jet normal to a flat plate. At this
point, we drop the starred notation to designate dimensionless quanti-
ties. It is assumed that all quantitiez appearing henceforth are di~
mensionless unless otherwise stated (i.e., r, z, ¢, ¢, are now dimen-
sionless). For the case in which surface tension is excluded, the
physical plane model lepicted in Figure 12 must necessarily change.

The model in Figure 12 is for the general case of a finite disk in
which surface tension effects are important. For the cace of an in-
finite flat plate, since the free surface ED no longer exists, the
designation D does not appear in the model. Furthermore, for the
case in which surface tension forces are unimportant, the boundary con-
dition along the upper surface (referring to Fig. 12) can be written

as follows:

On AG
A (RS

This expression is obtained by allowing the Weber number to apptoach

L
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infinity. The reasoning for letting the Weber number become large is
because 1t is the ratio of inertial to surface tension forces. The
case we are examining is one in which the surface tension forces hecome
vanishingly small or the inertial forces becoming large. Finally, the
boundary GE will be nearly vertiecal implying that the velocity rhere
is purely radial.

7. Derivation of boundary conditions in inverse plane for r

formulation. =~
On AB
_1 2
In the physical plane, ¢ = 3T
(102)
In the inverse plane, r = ~f§$
On BC
In the physicai plane, ¢ = 0
{103)
In the inverse plane, r = 0
On EC
In the physical plane, p = 0 \
Also v = 0, by equation (83) this implies that %% and
AW _.n > (104)
ér 7'
In the inverse plane (via eq. (87)), %£-= 0 J
On GE
In the physical plane, %% = 0
R (105)
In the inverse plane, 3% = 0
On  AG
1 [7oy 2 By 2
In the physical plane, -7 (32) + (ar) =1
r
i_ i
—_— i | 1 | .
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In the inverse plane, using equations (82) and (83), this becomes

gg)z R (ﬁﬂ)’* -

dz

and upon using relations (85) and (87)

2 (@ - @]
o Y
Substituting in for 3% from equation (92) and then using (89)

and (90) ylelds the final form

2 2
ar 2(3r\" _
(a¢) +r (EE) 1 (106)

The results of the above calculations are shown in Figure 15(a) in the
inverse plane. For the case of flow normal to an Iinfinite flat plate,
the r wvalues can now be completely found once we solve the nonlinear
governing equation. The variable 2z does not appear anywhere in the
formulation. In addition, the boundary conditions for the z formula-
tion were also derived and are indicated in Figure 15(b). It follows
that the 2z solution can; st be obtained until after r values are
known since the r wvalues are required on the free surface boundary
and within the interior flow. The boundary conditions for the =
formulation were derived as follows:

8. Derivation of boundary conditions in inverse plane for =z

formulatfon. =~

On AB

-

In the physical plane, u = 0 which implies %% =

From equation (85),-%% s 0

’ (107)
This implies that z = z(¢) alone and since

AB i3 a 1line of constant ¢,

in the inverse plane 2z = constant _J
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On BC |
In physical plane, u= 0
From which it follows, in the inverse plane %ﬁ-= 0 }' (108)
On EC
In physical plane ¢ = 0
In inverse plane 2z = 0 (109)
On GE
In physical plane, v= 0
From equation (83), it follows that LI 0

’ dr (110)

and from equation (86), we have in the inverse plane g% = 0

Jn AG

2 2 ~
In the physical plane J% (éi) + (gﬂ) ] =1
r oz ar

In the inverse plane we can take over the equivalent ex-

ar 2 2/ ar 2
pression given by equation (106) (3;) + r (Eﬁa =1 > (111)

Using enuations (89) and (90) to eliminate the derivative

2 2
Az .
+ (a¢) !

9. Finite plate excluding surface tension. - A second problem to be

involving r results in rz(%ﬁ)

formulated 1is concerned with the impingement of a circular liquild jet
normal to a disk of finite width. For the case in which surface tension
effects are neglected, the model depicted in Figure 12 will vary only
slightly. The only difference being that the boundary conditlons along

the top and bottom free surfaces are now expressed as
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2 2
A[(EHJ.) . 3&)].1
2 dz ar
i
The r formulation in the inverse plane 1s shown 1in Figure 16(a), The

only boundary condition that bears some explanation is that aleng CE,

the exiting plane in the physical plane, from Figure 12,

3z ~3r 137" 0 (112)
Using ecuations (84) and (86) this can be written

9T az v

3% + 26 f3 0 (113)
Finally, using equation (90) to eliminate 0z/3¢,

or 3T v _

5% r T m f3 =0 {(114)
or

2, | for\idz)

% * r(av:)(dr) 0 (115)

The 2z formulation in the inverse plane is shown in Figuie 16(b).

Here again, only the boundary condition along GE bears some explana-

tion. Continuing with equation (115) and using equations (89) and (90)

we obtain
r aw) (aqb)(dr) 0 (11€)

The formulation of the problem of flow of a circular liquid jet
normal to a finite disk in the inverse plane is now complete. The r
solution (Fig. 16(a)) can no longer be obtained independent of the 2
solution due to the exiting jet boundary condition. Thus, the problem
will necessitate a simultaneous solution of two partial differential
equations of the nonlinear elliptic type.

10. Finite plate including surface tension. - A third problem that

is formulated but not solved due to the complexity of applying it to a
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real system involves the normal impingement to a finite disk in which
both surface tension and inertial forces are important, These would

include all the flows experimentally labeled as transition flows. This

represents a complete inverse formulation for the exact physical model
represented in Figure 12, The results of the inverse formulation for
the r solution are shown in Figure 17. The way in which the inverse
boundary conditions along the free surface were derived will be made
more clear in the next section.

11. Surface tension dominated model - finite plate. - The final

problem to be examined involves the surface tension dominated flow,
described in Figure 14. The inverse plane formulation for the r so-
lution is indicated in Figure 18(a). The boundary conditions are the
same as derived previously with the exception of the free surface

boundary. Along AG in the physical plane,

PO =
}

(117)

5

_L[(_aw_)z,,(m)z]__l_;_dﬂ r
21_2 oz ar We ¢ dr V(a'laz 2 .
In the derivation of equation (106), it was shown that

:1'2‘ [(%%)2 + (%%)2] N (9_5 )2 +1r2 (g; )2 (118)
3 Y

In addition, using equations (84) and (86),

a \? ar |2

oz } 1 f 3¢9

Ay e ) o (119)
ar ' £

Therefore, the inverse boundary condition along AG becomes




49

r

\Ef (%g%)z 1

1
2
s\, 2(2r
(a¢) tr (aw

which can be written

o=

_i1d
)2 We T dr

2

only

1 1 1rdf x  |-1_.L
b 2 25)2 . r2 o 2 We r dr (3r/8|)2 . r2 2 e
3 3¢ 3y 3r/3v
%L Multiplying through by 2, and rearranging yields,
‘f ) +
3¢ 3y
- 2,214 r’
= We We r dr 2
: (armg) + 2
: ar/dy

There has been no symmetry assumed for the r formulation,

oes not involve the

s 1

axisymmetry. It is noted that the r formulation d

variable z. This means that the r and =z solutions can be obtained

independently. The =z formulation is indicated in Figure 18(b).

S




vI. CENTRAL FINITE DIFFERENCE REPRESENTATION

The finite difference operators for the nonlinear r and =z
elliptic partial differential equations resulting from the inverslon
were put into difference form. It was found from experience that
considerable flexibility resulted if the difference equations were
derived employing rectangular mesh. The reason for this becomes
clearer as we progress into the numerical solution. Suffice to say
that this allowed us to control the gize of the flow region. Square
meshes were originally attempted, but only led to solutions in the
cases where the mesh sizes became vanishingly small.
A. Formulation

1. General considerations. - The partial derivatives appearing
in the r and =z governing equations are replaced by algebraic cen-
tral finite difference operators. A complete derivation of the var-
ious operators is contained in reference 35. The notation used in
this report is that shown in Figure 19. If the finite difference
analogy of 9/3r is &/ér, the 1 derivatives can be written at

point O as follows,

st M7 "3
56 = 2 0% (123)
s T27 T4 .
sy~ 2 AY (124)
2 r. +r, - 2r
§°r 1 3 0
5 5 : (125)
6¢ A

50
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= 62!‘ ; r2 + I'4 - 2!0
- 5 2 sz {126)
s ]
!! Similarly, the central finite difference representations for the z
— derivatives are,
o Z, -~ 2
= Sz . 13 (127)
- 8¢ 2 Ad
— zZ, - 2

$z 72 4
a Sy 2 Ay (128)
= 2 z. + 2z, - 22z
= §°2 1 3 s}
B s > 2 (129)
= ¢ A
= 2 z, +z, - 2z
— 8§72z 2 4 o
= 2 9 (130)
< Sy Ay

2. Interior nodal points. - If equations (123) to (126) are sub-

stituted into the r governing equation (eq. (98)) with a = A¢/Ay,

the finite difference expression for all interior nodal points is ob-

tained,
4 T2 211 1 2
.._-_o — o -
- Ts "2 (r2+‘4)+‘oLz g (T "'4)]
ro 1 2
- (r, *+ 1)+~ (r, ~1,) =0 (131)
2l 1 3 g2 1 3

In addition, if equations (127) to (130) are substituted into the =z
governing equation {eq. (96)), the finite difference expression for all

interior nodal points is obtained

‘}23 1
7z = (z, + 2,) + (z, + z,)
9 2ir2 + ;Li ? 4 2(r2a2 + 1 1 3
o “2 0

+ —— (2, - 2,)(2, - 2.,) (132)
402 +%) 2 47271 3
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where, &8 in the derivation of equation (131),

=M
a A {133)

B. Excluding Surface Tension

1. Infinite flat plate. - The finite difference representation

for the infinite flat plate is shown in Figures 20(a) and (b). The
algebraic expressions for the boundaries ia derived by simultaneous
application of the governing equation and boundary conditions at a
fixed point. This application involves a fictitious point, £, outside
the boundary which is subsequently eliminated. Polnt G represents a
special point in the finite difference representation for the z solu-
tion since it is a part of two separate boundaries. The governing =2
equation (eq. (132)) was applied at point G which resulted in two fic-
titious points. Then the boundary conditions along both AG and GE
were applied at point G. This allowed the elimination of the two flc-
titious points from the resulting finite difference expression. De-
tailed calculations for the boundaries are contained in Appendix C.

2. Finite plate., - The inverse formulation for the finite plate

problem (Fig. 16), is shown in difference form in Figure 21, For this
rage, the difference operator along GE 1s more complicated than in
the infinite plate case. 1In fact, both G and E represent special
points in the formulation. However, one of these, point E, 1is speci-
fisd ae a known position (r = constant). 2t point G the equation to
be satiasfied in the r formulation is shown at the top of Figure 21(a).
In the formulation (Fig. 21({(b), both points G and E are special

points. The following equations hold there.
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At point G
ro 1L 2 2 21 £ - roa(ro i} ré)
z = - 8 ~rf{r ~r,)° |+ 2, »+ -
(o} 2 1 r o' o 4 4 22
r 3 = o rn + l
o 2 i
( a j
r -r e
o 4 22 _ 2
+ 2 J[a ro(r, - 1,) J (134)
r- + —E -
° a
At point E
2
r g z, ~raf{r, ~ )
- (<) 1 2 _ 2 _ 2 1 o 2 o
%" 2 1 {22 r J_—[-a Tty - 1) J}+ 27
r ‘o —_— 0 ra + 1
0 2 o
o
r, - T
2 o 2 2, 2 \
+ 5 0 J[a - ro{:2 - ro) } (135)
ro o+ =
o a2

Detailed calculations for all the additional boundaries encountered for
the finite plate case =zre contained in Appendix C.
C. Surface Tension

The difference formulation corresponding to the Surface Tension
model (shown in Fig. 18) is indicated in Figure 22(a) and (b). The
only boundary condition that must be explained is the one along the
free surface AG. Details of this calculation are contained in Ap~-
pendix C. It i3 noted that (see Fig. 22(a)) the r solution can be

obtained independent of the =z solution.
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VII. DISCUSSION OF NUMERICAL TECHNIQUES

Since the governing equations for the r and 2 formulations
are nonlinear in the inverse plane, in general, the finite difference
operations at the interior and boundary points will be nonlinear (see
eqs. (131) and (132)). For the infinite flat plate case, as described
in Figure 20, the solution begins with r = r(¢,¢) from Figure 20(a).
Secondly, with a knowledge of the r solution, the 2z formulation,
shown in Figure 20(b), 1is solved for =z(y,¢). However, in the case
where the plate is finite, the r formulation also contains =z along
the exiting plane CE (see Fig. 21(a)). As a result, the r and =z
formulations must be solved simultaneously. The surface tension model,
described in Figure 22, also allows the solution of the r equation
independent of the 2z equations since 2z appears nowhere in the
formulation.

In any case, when solving the r equation, the finite difference
representation of the problem results in N nonlinear algebrailc equa-
tions in N unknowns. A variety of methods were applied in order to
obtain a solution to the simultaneous nonlinear equatioas. These in-
cluded Lieberstein's extension of Youngs' work on over-relaxation to
nonlinear elliptic partial differential equations (26), and the fa-
miliar Newton-Raphson method. None of the above methods were success-
ful in obtaining a convergent solution. The technique suggested by
Powell (34) resulted in the method used in this paper to obtain solu-

tions. Basically, Powell developed a subroutine which was essentially
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a "compromise between the Newton-Raphson algorithm and the methods of
steepest descents.' In his paper, a Fortran subroutine 1a descrihed
for solving the nonlinear set of equations,

fk(xl’x2’ e e ey xN) =0 K=1,2, . . ., N (138)

The objective Is to minimize the function
N, 2
Flxs%,, o o oy %) = ,?;‘][fk(xl'x?’ C e x)] (139)

As with many iteration achenes, initial guesses are required for Xi.
This particular algorithm has an advantage in that the initial guessed
values do not have to be that close to the exact solution. The com~
puter program for the r solution contains the main program and three
subroutines. The subroutine EQNS is the one supplied by Powell. The
user supplies the subroutine MATINV which inverts the matrices and the
subroutine CALFUN which contains the nonlinear functions F{Xi). A
knowledge of the r solution makes the 2z formulation explicit in
the unknown z, at each nodal point. As a result, a Gauss-Siedel
linear iteration scheme was employed to obtain the solution.

For details of the subroutines, the reader is referred to ref-
erence 34, As we get into the computer results in the next section,

a complete printout of the subroutine will be presented.




VITT, NUMERT AL RESULTY

A Exelusion of surface Tension

1. _I_nﬁll_'l;g'i-__fflg_g:__pl_u_l'q}__@elg‘v_l_?vj_a_uul_bie‘r_ =) = dnltie by, the
findte flap pPlate problem wan numerically solved vmploying o VOTY
coarse mesh, Refrrring to Mlgure 20(a), the total sercam fonet 4o
was divided into five equal parts. Recall thap Yo = 12 and
which meant that the parameter a = Ay ywag ger equal to 0,1, i
dition, the ¢ axig was divided up into eight equal parts, This
vision was Purely arbitrary. One consideration was that there wo
be at least two vertical lines of constant ¢ between points
and B. Thig resulted in n toral of 39 unknown nodal points for ¢
r formulation indicated in Figure 20(a), and 41 unknown nodal poi
for the 2 formulacion shown in Figure 2C(b). The value of p =
where o - Ad/BY, was set equal to 0.0204. 1In Figure 20(a), the v:
of € along GE was arbitrarily chosen ay 4.0 while the vilue of
for = along AB was chosen as 3,315, The major reason for the
assignment of these two values for r and z was to be able to co
pare our numericagl solution with rhe semi-analytical results for th
infinite flat plate case with Schach (39), Actually, the mijor var
able choice in the entire program ig p = 1/u2. Basically, n iy 4
measure of how large the flow system 18 since rectangular mesh is I
used, {.e., a measure of  A¢ and ¢ total. The only concern fs gl

Ad 18 not chosen (oo amll, TIn that event, 4 total would be too

small to satisfy the incoming and exfting flow houndary conditfonyg,
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Ad  1a chosen to large, t.e., u chosen too large ¢cr D chosen too
small, all that is loat is dceuracy due to larger mesh apacinga., For
the coarse mesh Infinite flat plate problem, the results of the numer-
ical solution as well as the computer listing and final output can be
found in Appendix D - "Computer Solutions/Listings.” The solution to
the r formulation (Fig. 20(a)) required 1098 calls of the subroutine

used to solve the simvitaneous nonlinear equation. The sum of the

squares of the error to the exact solution was reduced to 0.00357 at

the last iteration.

The final values for the coarse mesh solution (r,z) were used to
make initial guesses for the values for the fine mesh =olution. The r
solution required the simultaneous solution of 159 nonlinear algebraic

equations. The =z equation, again being explicit in 2, resulted in

164 unknown values ot 2, The plot of the results from the computer

program (details shown in Appendix D) are presented in Figure 24 in a
print plot. The computer connected the nodal points with straight line
segments. In general, there is very little difference between the fine
mesh and coarse mesh solution. The fine mesh solution required the ex-
tended storage space option on the 1106 machine. The sum of the
squares for the final r solution was reduced to 0.024 after approxi-
mately 1000 calls of the subroutine CALFUN used to solve the simulta-

neons nonlinear equations. For this case 1000 1iterations were required

to obtain a satisfactory 2z solution.

2. Finite plate. - As mentioue-~ in Section VII, Discussions of

Numericai Techniques, the finite plate formulation also contains

K

on the exiting jet surface (see Fig., 21(a)). As = result, ihe method

of solution consisted of the following steps:
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Inirially, assumed values of z

along GE were chosen. These

vitlues were used to compute an r golution. The computed r sgolution

uged 161 calls of the subroutine CALFUN to reduce the sum of the

Squares of the residuals at the nodal points te 0,00066. With this r

solution, the linear iteration technique was used to calculate the com-

Plete 2z solution. Since the computed 2z solution resulted in re-

fined approximations to the values of 2z along GE, changes could then

be reflected in a new r computation.

For the finite disk case in which the ratio of the radius of the

liquid jet to the radius of the disk was one-half, a second r calcuy-

lation did not change when the 2z values were updated. A curve was

faired through the calculated nodal points and is shown in Figure 25,

Only two of the four available Streamlines are shown in the figure. No

attempt was made to refine the solution by completely doubling the num-

ber of vertical and horizontal grid lines. For this particular case,

since no comparigon with any existing analytical techniques existed, a

more convenient value of 3.3 was chosen for K¢. The value of D em-

Ployed in the solution was 0.0138. The only specification along GE

was that 2Z was set equal to 0.25. The computer listing as well as

the calculated r and = values at each nodal point can be found in

Appendix D.

The same method was used to numerically compute the finite plate

case in which the ratio of the jet diameter to the disk diameter was

three-fourths., There were 38 nodal points required for the r solu-

tion and 45 for the 2 solution. A complete print-plot of the resulis

is shown in Figure 26. Two iterations were required for the 2 solu-

tion as well as for the r solution. The sum of the squares for the




59

r solution at the final iteration was 0.001. The computer listing
and printout can be found in Appendix D, Again, the value of K¢ was
arbitrarily chosen as 3.3.

The =z solution corresponding to the r solution was obtained
and is also presented in Appendix D along with 1ts complete computer
listing. The method applied to obtain the solution was a simple lin-
ear iteration technique since equations explicit in Zo can be de-
rived both in the interior and along the boundary points. There were
243 iterations required for the Z solution. Changes between the
248th and 249th iteration occurred in the fifth decimal point.

A physical plane description of the infinite flat plate solution
is presented in Figure 23. Only two of the four internal streamlines
are shown in the figure. Curves were faired through the available
calculated nodal points (r,z) by a best fit process. There appeared,
at the onset, the question of whether or not the coarse mesh employed
could sufficiently describe the flow. When applying boundary condi-
tions at the free surface, a larger number of nodal points are de-
girable. As a result, the existing mesh was doubled. The total
was divided up into ten equal parts such that a = Ay = 0.05, and
the total ¢ was divided up into 16 equal parts.

B. Surface Tension Dominated Model

As previously mentioned, the formulation for the surface ten-
sion dominated flow can be solved independent of the z formulation
(refer to Figs. 22(a) and (b)). The initial case examined had a Weber
number of 4 and the ratio of the radius of the jet to the radius of

the disk was one~half. Also, the first solution to this problem as-
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sumed only axisymmetry. The results of tbe numerical soiutim:, employ-
ing a coarse mesh, resulted in a saymmetrical r solution; symmetrical
about the equipotential line emmanating from point D. This allowed
us to make a simplification to the problem in that not only could axi-
symmetry be agsumed, but also mirror image symmetry (i.e., symmetry
about the 2z = 0 plane)., This is significant for problems in which
the gurface tension effects are to be taken inte account since the sur-
face tension forcea are highly dependent on the curvature of the free
surface. By taking advantage of the symmetry involved, additional
nodal points can be placed on the free surface without using extended
computer storage.

Referring now to Figure 22(a), a vertical line was drawn (equi-
potential line) emmanating from point D, where r = RD. RD is the
dimensionless disk radius. The intersection of this equipotential line
with the free surface AG was defined as point M. Along DM, it is
known that 2z = Q. 1In addition, the variation oef r with ¢ can be
computed. Let us now refer to Figure 27 in which the equipotential
line DM 18 depicted. S8ince DM 1is an equipotential line, the ve=-
locity along this lin~» must be equal to V, the incoming jet velocity
with the exception of the point r = L in the physical plane. At
point D, a velocity discontinuity will exist. However, we can specify
how r wvaries with ¢ along this line as follows:

In the physical plane,

On DM
u=0 on z=0,LESr %R (140)
max
v = <V
where Rma” is the maximum radius of the liquid flow pattern.
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An expression for the stream function along DM can now be de-

rived since the radial velocity component along DM 1s 0, we have

1 3¢
0 * os (141)

This implies that ¢ = y(r) alone. In order to find what the function
is, the definition of the axial velocity is employed, namely,

v = (1/r)(3y/dr), on DM

vy =i
Ve (142)

Integrating this

2

P o= - !E— + Constant (143)

Applying the boundary condition that ¢ = 0 at r = L, the constant in

(143) can be calculated. The following expression results,
- B (144)

If this equation is nondimensionalized,
*2

2
- r_ _ 1/ L

As we have done in the past derivations, the starred notation is

dropped.

R

2 \2

r _1/{L

V= 2( ) (146)
1]

Solving for r,

r = +Jz¢ + (RD)* (147)

where

RD (148)

1}

c”lr




62

Equation (147) represents the boundary condition employed along DM in
the inverse plane for the T formulation. The condition =z = 0 was
used for the 2z formulatiom.

In the course of finding the solution to the =z formulation, de-
plcted in Figure 22(b), it was necessary to solve a cublc equation for
the parameter T along the free gsurface. Physical as well as mathe~
matical interpretation was required when choosing the proper root of
the cubic since a possibility of three real roots existed. Referring
to equation (C-78) in Appendix C, the only mathematically meaningful
roots are those in which the absolute value of the parameter T was
greater than or equal to one. However, the possibility still existed
that all three roots would be real and in addition satisfy the re-
quirement that their absolute values were greater than one. As a re-
sult, some physical insipght was required when deciding upon which roots
to employ in the equation relating T to the fictitious point f,

(eq. (C-84)). For example, it is known that as the nozzle exit is ap-
proached along the free surface, 2 = f(r) becomes steeper (i.e.,

£' (r) approaches infinity). This would coincide with the curvature
terms dropping out of the boundary condition in the physical plane
formulation. An alternate approach to viewing +hig is that the fic-
titious point f approaches the image point Z, As a result, the
value of the parameter T approaches unity. The algorithm selected
for choosing the proper root of the cubic was to select the value of T
closest to unity but ensuring that its ahsolute value was greater than
or equal to one. Buring the course of finding the solution, problems
in implementiug this algorithm occurred, particularly when close to

the nozzle, since the T values closest to onc werc alightly less than
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one and were automatically discarded by the algorithm. “The resulting
potential lines and stiecamlines appeared inaccurate when plotted up,
The only way found to circumvent this problem was to set up an addi-
tional algorithm which set T identically equal to one for several
free surface nodal points in the vieinity of the nozzle (i.e., those

nodal points in which the computed r wvalue was <1.00 N). Physically,

this reasoning 1s justified since it is known that f'(r) must appreoach

infinity there.

The results of the numerical solution are indicated in Figure 28,
The Weber number for this solution was 4 and the ratio of the radius of
the liquid jet to the radius of the disk was 1/2. A value of 3.5 was
chogen for K¢, and D was set equal to 0.0204. The computer listing
can be found in Appendix D along with the computed r and =z values
for the nodal points. The sum of the squares for the r solution was
0.?7:{10-6 and since the r solution was independent of the 2z solu-
tion, a second iteration was unnecessary.
C. Discussion of Zero Gravity Results

The numerical solutions were compared with the available semi-
analytical results of Schach (39) for the case of the infinite flat
plate. The method employed by Schach is attributed to Trefftz. The
method used by Schach Jid not appeatr readily extendable to more com-
plicated geometrical flows and could not be employed to account for
the effects of surface tension. 1In making the comparison botween ref-
erence 39 and the numerical results, the fine mesh soluetion presented
in Figure 24 was used. The results of the comparison for the fnfinite
flat plate are shown in Figure 29. The symbols indicated in the figure

were obtained from Figure 11 of Schach's paper by using an oxpandable
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error assoclated with the

geale. As a result there is some unknown

process of taking the vesults from the reference. In any Case, the

agreement looks particularly well with the sole exception of the first

r coordinate greater than unity. OUne final point with respect to the

infinite flat plate solution concerns the extreme left coordinate in

Figure 29, namely, r = 4, 2 = 0.125. These tWo values are fixed by

continuity, both in our numerical program and in the semi-analytical

results of Schach. This result was obtained as follows; assuming con-

stant density, the volumetric flow rate into the control volume at AB

must balance the flow out of the control volume at GE. 1In physical

coordinates, the flow igs given as ﬂRiV and the flow out by

aqR. .Z.V. Equating these and cancelling leads to the fact that ZG

jet G
must equal Ril(ZRjet)' Nondimensionalizing with respect to Ro yields
x - 1
26~ R* (149)
jet
R = 4 at the left

Dropping the starred notation and observing that jet

boundary of the control volume shows that Zo must equal 1/8.

As far as the finite plate is concerned, there was no available

comparisons with past experimental ot analytical work. As a result,

comparisons were made with respect to our Own zero gravity experi-

mental data. The results are shown in dimensionless coordinates in

Figures 30 and 31. Figure 30 is for the case wherc the ratio of the

jet radius to the disk radius is one-half and Figure 31 indicates the

t radius o the disk radius is

comparison when the ratio of the je

three-fourths., The comparisons were made with respect to the outer ot

top Tree surface since it was impossibie to view th

¢ lower free surface
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because of the way in which the flow occurred. The results were pen-
erally good for both ratios compared. Experimental data polnts were
obtained from both sides of the axisymmetriec sheet as 1t flowed around
the disk. An averaging procedure was subsequently used to plot the
continuous lines indicated in Flgures 30 and 31. The analysis corro-
pborated the experiments in the sense that as the ratio (ROIL) becomes

smaller, the jet appears to leave the disk more tangentially.
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IX. NORMAL GRAVITY EXPERIMENT SECTION

A. Apparatus and Procedure

- The experimental test rig used to obtain the

1. E_:gp_eriment.

y data is shown in Wigures 32(a) and (b). The rig con-

normal gravit

gisted of an angle-iron frame in which was mounted a 10 gallon supply

tank, a settling chamber, a 56 gallon catch basin, a return pump, a

contrel box, a clock, sequence timers, a regulator, and a supply tank.
The major functions were controlled through the control box. A high-

speed Mitchell Monitor motion picture camera (nominal apeed

400 frames/sec) was located directly in fromt of the experimental

ag mounted on 2 tinllenaak camera stand which

test rig. The camera ¥

was fastened to a concrete floor by means of conduit clamps.

The experiment could be conducted in either a pressurized or non=

To operate in the pressurized mode,

pressurized mode (gravity-feed).

tank were closed and the sys-

two vent valves located above the supply

tem was pressurized through the regulator. The pressure level was re~

corded on the gage located immediately to the right of the regulator

as shown in Figure 32(a). For both modes, the return pump was used to

resupply liquid to the supply tank in order to maintain a nearly con-

atant level of 1iquid. Since the supply tank was fabricated from

stainless steel and provided no visible means for monitoring liquid

level, attempts were made to connect a plastic hose between the needle
valve located just upstream of the solenoid valve and the side of the
supply tank. This system was generally inaccuyrate and as a rule the

66
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return pump wag normally activated after completing two or three test
runc,

In order to maintain a circular liquid jet having an initially
unifornm velocity profile, a settling chamber wag designed to quiet the
incoming flow. A similar technique was employed by Donnelly et a1, (1)

in their study of 1liquid jet stability, The Settling chamber, Fig. 33,

Profile at the exit to the settling chamber, Three settling chambers
were employed having outlet diameters of 0.25, 0.50, and 1,0 centime~
ters. Problems developed when using an unbaffleq settling chamber in
that the entire flow developed a swirling action between 2 and 10 sec~
onds after fiow was iniciated. 1p order to circumvent the swirling
Problem, the cylindricai section of the settling chamber was fitted
with a l% inch honeycomp SPacer. A sixteen mesh stainless stee]
Screen was mounted below the first 8creen and both 8creens were butted
up against the bottonm of the spacer. This technique seemed to elim-
inate any noticeable swir] in the flow.

Sharpwedged disks, fabricated from stainless Steel, were mounted
below the Settling chamber and positioned at right angles to the im-
pinging liquid jet. A photograph of the disks employed in the study
is shown in Figure 34. Their diameters ranged from 1 to 4 centimetors,
The disks were mounted ontp g Stainless steel device capable of heing
adjusted at any angle to rhe Incoming filow. However, i, this study
the impingement was restricted to 90°,

2. Test Mguids. - Twe test liquids were employed, aahydrous



L ol

A L TR R T T

TTAANEEN Al AW

68

ethanol and distilled water, Their properties at 20" ¢ are listed in

Table 1. No attempt was made to correct these fluid properties tor

temperature changes,

3, Toagmugggggggg. - Prior Lo a test run the gettling chambey was

f1lled with the test liquid by opening the solenold valve while holding

the bottom of the settling chamber closed. 'The liquid completely

filled the settling chamber until it flowed out of the rclief screw,

At that point, the relief screw was closed and the outlet could be

opened without loss of liquid from the settling chamber since it was a

stable pressure supported system, This method worked when using dis-

tilled water for all the nozzle openings, It did not work for anhy-

drous ethanol in conjunction with the largest or 1 centimeter diameter

opening. As a result, for those tests, the nozzle opening was kept

sealed until the solenoid was opened at the start of each test.

Calibration tests were made prior to every series of test runs,

Electrical sequence times in the control box were used along with

gradvated cylinders to determine the volumetric flow rate. At least

three calibration tests were made before each series of runs, and an

average value for the flow rate was thus determined, The impingement
velocity (velocity at the disk) was calculated by correcting for the

effect of gravitational forces,

B. Results

1. Steady-state flow patterns, - Basically, two types of flow

patterns were ohserved in the course of normal gravity liquid jet

impingement, The first type oceurred when g very high speed jet im-

pinged upon a solid surface and spread out radially as a thin sheet,

The sheet became thinner until [t became wnstable and broke up into
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amall liquid droplets., A second pattern is shown schematically in Fig-
ure 35, Po breakup was obs. rved In this pattern; the jet curved upon
{taelf ro form a surface of revolution or plume, The incoming jet ve-
locity ta V and the radius ol rhe circular liquid jet is R The
disk radius s denoted as L while 1 is the dlstance between the
nozzle and the disk. The maximum radius that the plume pessessed Ss
denoted as Rp. The maximum plume radius was the primary experimentsl
variable for the normal gravity study since it was casily measurable
and characteristic of the entire flow pattern, For the case when the
plume was not visibly disturbed, the plume would slowly move to a
final Rp, with visible surface ripples,

2. Unstable jumps. -~ In attempting to obtain steady-state Im-
pingement profiles, an unusual phenomenon was discovered. Instead of
a single steady-state flow pattern, a number of unstable flow patterns
were observed prior to the attaiuing of a stable steady state. Typ-
ically, the jet impinged upon the solid and formed a plume of some
given radius with surface ripples present. If disturbed, either up-
stream or downstream of the plume, the jet would jump to another ap-
parently stable configuration of larger plume radius. Normally, only
one jump would occur in a single test run, but occasionally fwo jumps
or three apparently stable configurations were observed. A series of
tests indicating the flow patterns before and after a jump are shown
in Figure 36. Figures 36(a), (¢), and (e) illustrate the behavior be-
fore the respective jumps, while Figures 36(b), (d), and (f) occur
after the jumps, The plume size for the final configurations anpear
to - nearly double what they were initially, However, there does not

appear to he any correlation between initial and Tinal size, The jumps
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are natural in bceurvenee, such as whon a small Liquid droplen ro-
hounds of f the disk holder an Impinges uponw this Film, but ey
initiated by a disturbanne, such as a pencll penetrating the flow,
The final steady-~atate configuration {is stable Lo any addit lopal dls-.
turbancee, t,e., it remalns at some fixed pluome shape, Under no elr-
cumstances was the plume observed to Jump to a smaller plum. config-
uration; 411 Jumps were to larger plume sizes,

The actual cause of these Jumps remains unansvered at this writ-
ing. Some possible causes have been eliminated, such as swirling flow.
If the flow were swirling, the 8teady~state flow patterns would be
significantly affected if half the flow over the disk was obstructed.
However, the pattern was not affected at all when this was dove. It
1y tentatively concluded that the jumps are natural in ooourrence,

The initial states and all transition states are unstable to small
disturbances. For the purpose of the experimental investigation, then,
the steady-state was chosen as the state in which further disturbaaces
caused no change in the liquid flow pattern.

3. Experimental data, ~ The experimental runs were conducted such

that the viscous dependence would be small. As shown in section 111,
devending upon the ratio (RD/L), there exists a eritical Reynolds num-
ber above which the flow can be considared as essentially inviscid,
The Reynolds number was calculated at the point of impingement on the
disk (i.,e,, the approach velocity to the disk was corrected for grav-
itational effects). From analytical considerations, numerous dimen-
sionless paramcters arise and thus form the hasis for correlating the
peimary variable, the plume size, These rarameters Include the Weber

number, which ig the ratino of inertlal to surface *tension forces., and



71

the Bond number, which is the ratlo between gravitational and surface
tension forces, In addition, several geometrical ratios appear, such
as ROIL, the ratio of jet to the disk radius, and H/Ro' the ratio of
the nozzle height to the jet radius, The experimental results are
listed in tabular form in Table 3, The last column contains the plume
radius, nondimensionalized with respect to the jet radius. In ex-
amining the difference between zero and normal gravity liguid jet im-
pingemert, it can be seen that two additional parameters are required
in order to completely define this phenomena in normal gravity. They
ace the Bond number, Bo, and the dimensionless nozzle height, H/Ro.
The Bond number relates the relative contribution of gravitational
forces, while l-l/R.0 has an effect in that jets flowing downward under
the effect of gravity accelerate and thus shrink in size, therehy hav-
ing an effect on the resulting flow.

4. Data analysis. - A linear regression analysis was employed in

order to correlate the independent variable, Rp/Ro, with the remaining

system parameters. Let us define the following variables,

Yy =L (15
RO
RO
Zl =1 (151)
o]
23 = Ye (153)
Z& = Re (154)
Zs = Bo (155)

The parametoer 24, the Reynolds aumber, was included to sce what
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the viscousg influence wag, The experimental data was fitted to the

following complex model

R |
R = 22.8241 + 7.67129 % - 41.2001 %2 + 42,9339 X + 1,91085 X, J
o
+ 8.90368 X, + 1.46319 X, = 2.07823 X_ + 0.0696930 X,X, (156)
where
RO
- - 0.3718%9
X, = L (157)
1 0.15423%
ﬁi -~ 9.22727
Q
N ST — (158)
We = 129,227
3% T 75,9108 (159)
Re - 4663.89
4 " T 1899.57 (160)
Bo - 2.15602
X5 = S iess (161)
The value of R2 for the above Statistical model was 0.981. This

Mmeans that 98,1 bPercent of the total variance in Rp/Ro 1s accounted
An examination of the signg 1n

complex model tellg us how RP/RO

Rp/R0 increases slightly ag H/R0

for by the model ., the equation for the

varies with each of the pParameters;

and Re are increased, and in-

Creases significantly with X3, the Weber aumber, Sipce X5 is ip-
volved in tyo terms in the correlation,

its variatien depends on the
strongest term (i.e.

» the one with the largest coefficient),

As a re-
sult, Rp/R0 decre

dses with increasing Bo.

The variation with Xy i

8
more

confusing gince It 1s involved in three terms, The actual dgry
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bears this out, Rp/Ro sometimes inereasing, or sometimes deecrecasing.
The coefficient for X3 is essentially the largest of all (x3 i8 re~
lated to We), As a result, a simpler model was pursued using only We

as the independent variable. The following equation resulted;

We -~ 129,227
75.7108

R
EE = 21,7059 + 10,1410 (162)
[+

For this simple mecdel R2

= 0,916, which means that the correlation
accounts for 91.6 percent of the variance in the data, A plot of the
data is displayed in Figure 37.

The Weber number turns out to be the most statistically signifi-
cant variable. This is not to say that the other variables are not

significant, but that the Weber number is the most dominant variable

in determining Rp/Ro'




X. CONCLUSIONS

Zero pgravity, - Ap experimental and analytical investigation was
conducted to determipe the free surface shape of c¢ircular liquid jets
impinging normal to sharp-edged disks in Zzero gravity. The test lig-
ulds employed were anbydrous cthanol and trichlorotrifluoroethane.
Jet radii were varied from 0.25 to 0.75 centimeter and disk radii of
1.0 and 1.5 centimeters were employed. The jet veloeity was varied
between 12 and 365 centimeters per second. Under the stipulation that
the nozzle wag located at least 5 centimeters from the disk, the in-~

vestigation yielded the following results:

shapes. It was shown that the Reynolds number DVRolu and the ratio

of jet to disk radius Ro/L uniquely define the flow regions., It

between viscous and nonviscous flow decreased with increasing jet to
disk radius ratio,

2. Within the inviscid region, three distinet flow regimes were
experimentally found which depend uniquely on the Weher numher
rszO/U and the ratio of the jet to disk radius Ry/1L, These flows
were defined asg Surface Tension Flow, Transition Flow, and Tnertia
Flow., The critical Weher number between reglmes was Tound to de-
trease with inereasing iet to disk radius rit o,

1. A numerical solut fon yielding free surface shapes and ot rowan-
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lines was obtained for the casc of implngemcent normal to an Infinite
flat plate and compared favorably with semi-analytical technlques in
the literature.

4. A numerical solution yielding free surface shapes and stream-
lines was obtained for inertially domipated flows at ratios of jet to
disk radius of one-half and threc-fourths. The comparison with cx=
periments showed good agreement for the upper free surface.

5. A surface tension dominated flow was formulated and solv..
numerically. The system Weber number was 4.0 and the ratio of the jet
to the disk radius was one-half.

Normal gravity. - An experimental investigation was conducted to
determine the characteristics of circular liquid jets impinging nor-
mal to a sharp-edged disk in normal gravity. The test liquids em-
ployed were distilled water and anhydrous ethanol. Jet radii between
0.125 and 0.50 centimeter were employed and the disk radii were varied
between 0.5 and 2.0 centimeters. The jet velocity had the range of
75.5 to 484 centimeters per second. The distance between the nozzle
and disk was varied between 0.25 and 5.0 centimeters. Under the
atipulation that the Reynolds numbers were such that they exceeded thw
minimum value required to avoid viscous influence, the investigation
yielded the following results:

1. The 1liquid flow pattern was observed to jump from vne ap-
parently stable flow pattern to another until a completely stable con-
figuration was reached. The jumps were trippered by disturbances Bl n
upstream and downstream of the disk and were apparently matural in oe-
currence.

2. The dimensionless plume radius Rp/Hu wits Correlatod by
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of a linear regression analysia, A simple model, employing only the
Weber number, accounted for nearly 92 percent of the experimental data.

The following empirical formula resulted

R
D . We - 129,227
-2 = 21,7059 + 10.140 53S0

[5]

where R_  1s the plume radius, Ro the nozzle radius, and We the

system Weber number.




XI, APPENDIXES

Appendix A -Detalled Calculations of Free Surface Boundary Conditlons

There are two boundary conditions required for the case of a free

surface 1n a fluid dynamics problem. TLis 1s in comparison to known
boundaries in which only one boundary condition is required. The two
conditions to be ratisfied are:

(1) Conservation of energy along a streamline

(2) The velocity normal to the streamline is zero.

Consider the following geometry:

Figure A.l. - Schematic of Liquid Jet Impingement

where "1" represents any point on the free surface 245 = f(r) and "d"
designates the reference point which is chosen as the point where the
liquid jet exits from the nozzle.

(1) Conservition of energy along a streamline

Bernonlli's equation .ritten between pointe "i" and "d" becomes

By oy Py

(n2 + VZ) 4 - = 5 ve o+ - on 7 = {(r) (A1

i
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The pressure at point 1, Py is not the same as it is at point d,
Pd' due to the effects of surface tension. In general,
Pg - P =~ aJ (A-2)

where Pg = known gas pressure, and

J-il—-t-il— (A~13)
R Ry

where Rl’“z are radii of curvature where

1 f"
-ﬁ— -

L e et} -

and

L}
—1—- = £ (A...S)

R 1/2
2 :r@.+ f'z)

Combining (A~4) and (A-5) with (A-2) we find

g . £
(1 + f‘2)3/2 r(l + f'2)1/2

which can be combined to yield,

Pg ~P=o¢ (A-6)

g d rf!
Pg = P o - memrmmre— A=-7

Applying at point "d"

z = H, r =R, and ~ = f' o w
For large f',

Yi+62a el o g

Therefore, substitution into (A~7) yields

Pg - Pd = l—;-’— (A-8)
o]
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Applying at point "i"

L0 df _xf' -
Pg - P1 =9 - ( ‘[1...:}.'.!) (A-9)

Now (A-8) and (A-9) can be substituted into (A-1) to obtain

L2444y o df xf! V. 1y2_ o g o f
2 (u + v ) pr dr( 1 + f"é—) 2 v pR on /,5 == f(r)
(A-10)

{2) The wvelocity normal to the free surface 1s zero
A portion of the free surface 2, = f(r) is shown in Figure A.2

A

v

3
v \-—-—zsnf(r)

Figure A.2. ~ Velocity Vector at Free Surfacn

n 1is the unit outward normal to the surface at some point and u and
v are the velocity components such that 3 = ui + vj. Since the ve-
locity normal to the surface 1is zero

V.-8=0 (A-11)
With the surface given by zg = f(r), the unit normal is given as

y1+62

Hence
. " '
veoa=--—x 4 ¥ __ . (A-13)
Yi+£'2 1412
which simplifies to
~uf' + v =0 on z_ = f(r) (A-14)

]



Appendix B - Zero Gravity Drop Tower Test Facility

The experimental data for this study were obtained In the Lewls
Rescarch Center's 2.2-Sccond Zero Gravity Facility. A schematic dia-
gram of this facility is shown in Figure B.l. The facility consists
of a building 6.4 meters square by 30.5 meters tall, Contained within
the bullding is a drop area 27 meters long with a cross section 1.5 by
2.75 meters.

The service building has a shop and service area, a calibration
room, and a controlled environment room. Those components of the ex-
periment that required special handling were prepared in the con-
trolled environment room of the facility. This air-conditioned and
filtered room (shown in Fig. B.2) contains an ultrasonic clianing
system and the laboratory equipment necessary for handling test lig-
uids.

Mode of operation - A 2.2-second period of weightlessness is ob-

tained by allowing the experiment package to free fall from the top

of the drop area. In order to minimize drag on the experiment package,
it is enclosed in a drag shield designed with a high ratio of weight to
frontal area and a low drag coefficient. The relative motion of the
experiment package with respect to the drag shield during a test is
shown in Figures B.3. Throughout the test, the experiment package and
drag shield fall frcely and independently of each other; that is, no
guide wires, electrical lines, etc., are connected to either. There-

fore, the only force acting on the freely falling experiment package

80




a1

is the air drag associated with the relative motion of the package
within the enclosure of the drag shleld, This air drag resules In
an equivalent gravitationa} acceleration acting on the experiment,
which 18 estimated to be below 10”7 8's,

Releage 8ystem. ~ The experiment Package, 1nstalled within the
drag shleld, ig suspended at the top of the drop area by means of
highly stressed music wire attached to the release Bystem. This re~
lease systenm consists of g double-acting air cylinder with a hard-
steel knife edge attached to the piston. Prassurization of the air
cylicuer drives the knife edge against the wire, which is backed by
an aavil. The resulting not.h cauges the wire to fail, smoothly re-
leasing the experiment. No measurable disturbances are imparted to
the package by this releage Procedure,

Recovegx System. - After the experiment Package and drag shield
have traverged the total length of the drop area, they are recovered

by deceleration in a 2.2-meter-deep container filled with sand. The

drag shield (Fig. B.1). Ae the time of impact of the drag shieldq in
the decelerator container, the experiment package has traversed the
vertical distance within the drag shield (coipare Figs. B3(a)

and (e¢)),




Appendix € - Detailed Derivatlons of Finfte iHilerence
Operators Along Boundar les

Ao Infinlce Flat Plate

The findte difference representations for the derivatives are
those shown iu the toext {equ. (123) tao (130)). Refer to Flpnres

15¢a) and (h).

ar _ »
e 0 on L[LC

3
H

®

Applying the r difference equation f{eq. (131)) at point 0, where T

is a fictitious point outside boundary
3

. .
4 _ o 211 1 . 2f _ o
ro - 3 (r2 + rf) + rolaz 8 (r2 rf) J (r, 4+ r

1 2
tom Ay -y
8«

l
o

(c-1)

Along EC, X 0. This implies
P

r, - r,
22T

N_"\
2 A (c ~/

Therefore,

ry ” rf (C-1)
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Equation (C-1) hccomes

r
3 21 _ o by 4 b LN
r rEp T, Ty g (rypbr) 40, () - ry) 0 {r-4)
N 2 Hu
ar
M =0 on GF

Application of 3r/3p on GE yields the fact that r, = r, and

-

does not involve the unknown fictitious point (. tlowoever, 2r/ap = 0

implies r # r(y). Therefore, r murt only be a function of

$, r = r{s). But, along GE, ¢ = constant, (¢ = Q). Hence,

ii
§§ r = constant along GE.
=
§
- 2 2
- ot 203\ _
1 (3¢) +r (3¢) 1 on AG

PR L R RN U A

The r difference equation can be written

o
o
=
e
B
-




HI

3
r r
# 4] 211 . Ao o
T, 5 (1f + rA) + roly (rf lh) , (l] ] rx)

1L 20

P (TR R LA (0-%)
bl ] {
B

Along AC

2 2
ur 2{ary"
(ﬂ¢) tr (nw) :

This implies

’1""';2 2rf'rz.2
vl IR “i""ATp_') =1 (C=0)

Rearranging and letting Ay = a (recalling « = i d b))

2 _ 12 0L o r? »
(rp - r)" = rzllea 3 (r r.j)} (c-7)
0 .

Whereupon we can calculate the two expressions

e 1 B A e 3= =

L 2 _ 1 - 2 ST

re - £, 77 [Aa 3 (r1 r3) -l {c=-%)
[4] 1 ..

. a1 e 1 T L

T, + ra rﬂJ[&a (12 (r1 r3) } + 2rq (-9)

inserting (C-8) and (c-9) into (C-5) yields the desired relation

A E TR U (VI AT 1| G A
r - Tt T, {(2 ) J[““ S (ry = 1y) ]( oy Gy )
‘| .

1 t

e ... Nt 4 -
+ RLz (1] "3) . fmj =0 (-1

2 = Constant on Al let 2 = Koo




85

Az 0 on BC

Applying the z difference cnuation (eq. (132)) at point 0, where f

is a fictitious point outside of boundary

’i 1
2, = 7\ Bt Pt T (2 + 25)
9 2 1 27" + 1
r- o+ - o
o 2
o
+ 21 o (2, - 2 (2 - 2 (c-11)
4lrTa + =
(4] o
Along BC, -g—z = 0. This implies
22 - zf =0
or
zp = 2y {C-12)

Therefore, equation (C-11) becomes

2
r 2
0’2 1
7 =T - — = (2, + 2z.) {c-13)
o 2,1 2(!‘?‘:2 + 1) ! }
0 Vi o




86
oY) 0 on GE
10
92
f o 1
—_—— ——
®4

The 2z difference equation can be written

rg 1
z = (z, + 2,) + —— (z, + z.)
o 2(2 n 2 4 2(1_2“2_'_15 1 f
r- + o
o az

1

+ (z, - 2,)(z, - z) (C-14)
4(r2a+_1_) 27 %% T %
0 o
Jz

Along GE, 3$-= 0 this implies 2, - z. = Q0 or

1 f

zg = z, {C~15)

Therefore, equation (C~14) becomes

fﬁ !
z, = ; ) (22 + 24) + <3 (C-16)
2[e? & -1 r a +1
o a2
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—9
o
[ ]

The 2z difference equation can be written

rg 1
2 = (z, ~ z,) + (z, + 2,)
° 2(2 1) £ h 2(r2a2+1j L3
r + == o
o a2

1
+ e (2, - 2,0 (2, = 2,)
A(Fz 1) f 4 1 3

o+ =
C [+

2 2
Along AG, rz(-g—;-) +(-g-%) = 1. Hence,

2 (% = 24 2 z2y - 23\2
t\2a | T 2A¢)=1

which can be expressed as

Zg + 7y = -r—l-J[lnaz - -12-, (zl - 23)2] + 224
o a i

(C-17)

(c-18)

(c-19)

(C-20)

(c~21)

Ingerting these last two equations in (C-17) eliminates the fictitlous

point Zes ylelding




(C~23

18 fol.lnd
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2
1‘0 Zl
z == - (f, +z,) t (C-24)
o f2,1 1A r§02+1
o a2

Applying the boundary condition along AG (see eq. (C-20))

1 Y2 - X o - £2 .
fl z, + = [%a 2 (zl fz) ] (-25)
o @
but £2 =z, hence we write
fo= g, +22 (C-26)
1 4 T,

rz+—9—
°(.4 r;) 2,
2, = + 73 (c-27)
2 1 r’a +1
r~ + —E 0
o

such that z, = zo(zl’zh) at point G.

B, Finite Plate

Referring to Figures 16(a) and (b), the changes in the boundary

conditions between the infinite and finite plate occur on GE and the

addition of the free surface ED. In addition, G becomes & speclal

point in the T formulation while both G and B become special

points in the =z formulation.

ar) , (3r)de) .
(a¢) + r(aw dr) 0 on GE
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Along GE, the r difference equation ig

4 r.f {1 2] %
r, - 7?-(r2 + r4) + ro[;i ~ 8 (r2 - rq) ] - ~—§-(r1 + f)
o 20
+-L (r; - 52 = (C-28)
8a
in finire difference form, the boundary condition is,
rl - f rO
B ta (-2 =0 (C-29)
solving for f,
f= r, + aro(22 - z4) (C-30)

and, iuserting thig inte the difference equation yields the desired

result.
3
r 1
.0 211 1 - 2l . o -, 7
To 7y (ry +r,) + ro[ 75 (T r4)] NEL S R N Y
o 2a
2
ro 2
i (22 - 24) = ) (C-31)

il
2/ -
(2—::) +r"(g-.]-:-) =1 on Ep

— e e ——
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@ 3 0 1 @

The r difference equation can be written

3
4 _ Lo 1 _1 2l fo
ro'z(r2+rf)+ro[2‘3(‘2 rf]' g (rp + 1y
o 2a
1 2 _
+ : 2 (rl - r3) =0
o
2
r 2(3ry _
Using (3¢) +r(a¢) =1 on ED,
2 2
Ty T Iy +I2"2"“f o1
2 Ad o\ 2 AY
Yields
2 _ 1, 2 _ 1 Y
(rz—rf) = 2[43 2(1' r3]
r o
o]
and

= -1 2 _ 1 - 2
ry + Te 21‘2 r, J[&a a2 (rl r3) ]

Substituting (C-34) and (C-35) into (C-32) we obtain

r
b 3 21,1 ",2“; N L
To rorz*"'o{2+2Jj"‘ 3 r'l)]} y (Fp* Ty
o L a 2a

(c-32)

(C-33)

(C-34)

(C-35)

(C-3¢2
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Now, polnts E gl v will he special points sineo equation {(¢-141)
cannot ho direetly applied there.  (ne of these mMsitions can be

spectifiod as khown, rF Toeonstant. et ug examine special point

Applying equation (C-10) at point G,

r
4 3 21 1 2.1 . .2 ;_ 0
r, - ToTs + r {az 5 J[Apa a2 (rl fz)] '—'-2&2 (rl + f2)

+ %[;32— (r; - £,5% - 4a2] =0 (c-37)

Now, applying (g;) + r(g;)(g-) 0 along ¢E without involving f1

r.o-~ f r ~r\fz -,
1 2 (o) 4\ "o 41 _
(2 Ag )+ ro( Ay )(ro - r4) =0 (c-38)

Selving for f2,

f2 =y + Zuro(zo - 24) (C~39)

Therefore, equation (C~-37) becomes

rz-rr +r{—w-‘/[ -r(z -z)]} -f-g[r +ur(z -z)]




N

I
!

4

Application of 2z difference equation yields,

2
T, z, + f (z, - za)(zl - f)
2

+
+ 15- 4(r2u + ;)
o a

Now, along GE, r(%ﬁ) - (35)(g£) = 0, which in difference form can be

(C-41)

written,

z, - 2 z. - f\sz, - 2
2 4 1 2 4Y i
ro( TV ) - ( Y )(rz — ra) =0 (C-42)

Sclving for f,

f= zZy - rou.(r2 - rq) (C-43)

Hence, egquation (C-41) becomes

T 221 - rou(r2 -r

7 = e (2, +2,) +
o 2 4 22
2(%2 + ,l) Z(foa + ])

{2y = 2)rg0lxy - 1]

éoga + l\
0 0y

4)

+ (C=-44)
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The =» difference equatlion can be written,

2
r
. o .
2y = ( ) (zy) + 2p) + ( 52 ) (zy + 2,)
2 1 2 + 1
2(r? + -3
2
a
+ L 2y - 2 (2 z,)
4(1‘ a + —-)
a
2 2
Applying rz(%%) + (%i) =1 on ED,
o[ %2 " % ’ %) T % :
ré | St ) +{3—23) =1
o 2 Ay 2 Ag
Solving for (z2 - zf).
-1 2 _ 1 - 2
T J[“a 5 (2 23)]
o a
Also,
P § 2 1 2
zr+/2-242 - JFa 2(21—23):,
o n

(C-45)

(C~46)

(C-47)

(C~48)

Substitution of these last two cquations into equation (C-43) yields the

degired expression
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2o, o .
+ “'l""“ L ] /ul')' - ]. (2, ~ = ))' (C-49)
,( 1) \ 2 % 3
hir o + 0 " .

Applying equation (C-22) at point G yields,

r 2, + 1
z, = 2 {}]-'— {[&az - —1-2- (2:1 - f2)2]+ 2241 + m%———z——-g—-
z(rz b2 o o ) Z(roa + 1)

I .
& [4;3 -4 (o - f?)z] (C-50)
4r (r a + :) a -
o\ O i

; 0z \/dz
To find fz, we apply r(-g-%) - (7)%)((1;) = ) without involving f].

2 =2 z, ~ z - 2
o T4Y 7Y 2\ o 4Y . o
rn( A ) ( 2 A )(r - rl) 0 ((- 51)
0 4

Solving for f

2!

M = - * ~ vl
12 7y .Lrn:\(r“ r[‘) (C-H2)

Substitution into (C-50) yiclds




e e e e—

N6

¥ o~ . : -
[/ i y y .
4 -2 J[l - l';:'(r“ - rh))] (6-571)
.
Let ug examine the gpecial point at K

t©

Application of equation (C-49) at point E results in,

2
r
- D 4 2 _ 1 - 2
gt el
o a
2r” + =
0 2
o
b = (2, * £)
2(1.20;2+1) 1 2

@
JF R

- q ra
b Jl—aaz -5 (2 - f?)z] (C-54)
4r (r 1+ -—-) L o )
o\ 0 I3

n order to find the fictitious polnt, 1’2, woe apply

r(“,.:—;) - (,@.’é)(ﬁﬁ) = 0 on GE, without Ifnvolving f

ad/\dr 1




I',!
1'”(22 v ) ayon I, SN . (C=1%)
ML - oo : i )
A 2 A 3‘2 - I'U
Golylnp lor l?.
) EER ~ ' - {-.‘_l' ‘
12 %) ZI”lt(l.? r“) (C-h6)

Finally, obradning Mom cquarlon (C-5%4),

-.2 : e s b mem memr . e e et - P - (] - T )
v = ._,:.“. —_d, _ L 2 - r2(r -r )2 ¥ “1 ) _'_.‘)L/ _ou
0 T 27 a ott2 Tty 72
2 1 o a4
ro o+ 0
o 2
o
r, - r e =
+ A0 {[32 - 1‘2(r -r )2] (C-4%7)
2 1 o 2 O
+ ———
o 2
o
C. Surface Tension
2 2
or 2/ar I S
(96) +r \3W) ) on AL
1 - 2 + 21 d | T
We We r dr

V)

© ®

Applying r difference equation (eq. (131)) at point 0 where f

ig a fictitious point outsaide the boundary
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3 .
r r

4 o 211 1 _ 2] . o

T, "% (rf + r4) + [—-—az 3 (rf r4)J __20;2 (r1 + r3)

+ L . -2 a0 (C~58)
2 F17 %
{1

in difference form, the free surface boundary condition becomes

2 2
R + g2 oy
2 Ad o\ 2 Ay

1
f‘
r2
p 2 1 4d 0
l a4 {C~59)
We = Wer, d’o'ﬁ (r; - x)/2 8],
L (rf - r4)12 Ay + Lo
Simplifying by using o = A¢/AYy and defining o = Ay yields,
Ao, 22, 2 402 _
az (rl r3) + ro(rf r4) = rz {C-60)
1 -2 4,21 4 0

We We ro dro ‘{Q + roi

Now, examine

.2
1 4 o __
To 9%\ oo + r2

As an approximation to this derivative Q 1s assumed aas a constant.

In actuality, ¢ = f(rf) and T = f(ro). Expanding

r2
1 d o
To dro qQ + rg

vields

R
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r2 20 + rg

1 d 0
=~ = | = (C-61)
e d1.0 VQ + rg d_(a + rﬁ(Q + rg)

Therefore, the finite difference representation for the free surface be-

comes

1 2

w (r1 - r3)2 + ri(rf -r )2 4a
o 20 + L

R Yo+ o @+r)

rp must be eliminated between equations (C-58) and {C~62). Let us de-

5 (C-62)

fine
X = rf - ra (0'63)

BEquation (C-62) can be written

2
Lor - i - 48 — (C-64)
Q 20+ r
124+ 2 _
We We ) 2
VQ + 12 (Q + ro)
Where
2
(r, - ;)
Q = _--——-—-————1 ) 3 . —1—‘2— (0-65‘
X o

22 3 2
ToX + o o o ( ) ( )2
——+—=—x~r_ +1rx, -5 Ft—75 (X +r T r =0

8 2 4 u2 202 1 3 8 21 3 (C-66)

™is 1s of the form
A'y" +B'x+C' =0

Hence
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_ -B' + ¥VB'? - 4p'C’ :
where
”
r
A' = -é‘l (C-68)
3
To
B' = 3 (C=69)
1_2
t = - 4 3 - — -9 - ...—.-1.-- - 2 -
c T, + 1:01'4 5 + 20‘2 (rl + r3) 8u2 (rl r3) (C-70)

The sign in front of the square root in equation (C~67) was chosen as

positive since x must be greater than or equal to zero. In addition,

2 2
2(22)" , (22 ° . 1
r(aw) + 31)) on AG
2 21 d T
1 = =+ =0 |
We We r dr rz(az,a!)z .1
‘ 9z/3¢ ’
£
3 0 1
>l - -

Applying 2z difference equation (132) at point O where f is a
fictitious point outside the boundary

(f - 24)(z1 - z3)

1
(f+2,) + 55— (2, +2,) +
4 Z(rgaz + l) 1 3 A(ria + TL)

[¢]

Zo =
2. 1 :
z(ro . 2)
@ (c~71)
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In finite difference form, the free surface boundary condition can be

written,
r2f - 232+ L (2 - 2% = 4a” (C-72)
o 4 u2 ‘1 3 "
1 2 2 1 d o
- ﬁE’* We r_dr 2
o o ‘/r Q* + 1
where,
y (-2
Q% = o — {C-73;
(z1 - 23)

As an approximation, Q* is assumed to be a constant. Expanding

\
2 daf To
s dro Vrgq* +1
obtaining
1 d ‘o
r

1
o 9% {rgq* +1 ro(rf;'Q* + J{rgq* +1

Therefore, the finite difference representation along the free surface

becomes
205 - 292 +L (o - 2y? - 4a2
o S LS B

-2 .22 1
e We r, irgQ* + 1wr§Q* +1

(C-75)

f must now be eliminated between equation (C-71) and (C-75). The man-
ner in which this 1is done is as follows: Equation (C-75) 13 solved for
f= Fct(zl’z3’24)' The results are then Inserted into equation (C~71).
In this way, equation (C-71) remains explicit in 2. Actually, it

will be more convenient to solve for the variable (f - 24) instead of
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f since equation (C~71) can be expreased as,

2 2
r z z. + 2 2ar” + (z. ~ z,.)
2 = —h L + (|2 —L 3 (c-76)
24 L Z(roa + 1 4a(1:2+-l-—)
o 2 4] 2
a
Turning our attention to equation (C-74), it 4s solved for (f - 24)
azrg(f _ 24)2
+ 1=
(z, - 2 )2
1 3
4a2a2
(2 ~ 2,)°
o — = (c=77)
2 2 1 1
Jl"'"‘“‘"“—"—— ‘—_‘—""—-—-———=?
We  We T, rzaz(f - 24)2 rguz(f _ zd)z
— + 1 >+ 1
. (zl - 23) (z1 - 23) )
A new variable T2 igs introduced
2 azrg(f - 24)2
T¢ = 7+ 1 (c-78)
(zl - zj)
Also, let
22
c0=-—"-"‘"—°‘——-5 (C-79)
(z, ~ z.)
1 3
=1 -2 (c-80)
Cl - We
_lol -
C, = He T, (C-81)

Making these substitutions into equation (C-77) results in a cubic

aquation for T *
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2.
c

(]
=

T + 0

o]
-
b

Rewriting this as follows:

3 4+ aT + b =0

Once T is found from (C-83), (f - z,) is calculated from equa~
4

tion (C-78) as follows:

f - 2, = t ~“ar I |

(C-82)

(c-83)

(C-84)




AppendIx oo MComputer Solut fons/LisLings"

A. Infinite Flat Plate

1.

II.

IiI.

1v.

B. Finite

V.

VI,

VII.

VIII.

C. Surface

IX.

X.

XI.

Computer Listing

Coarse Mesh Solution for r and =
Computer Listing

¥ine Mesh Solution for r and =

Plate

I

Computer Listing (RolL 1/2)
Coarse Mesh Solution

3/4)

Computer Listing (Ro/L
Coarse Mesh Solution
Tengion Model

Computer Listing

r Solution

z Solution
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TABLE 1. - 1,IOUTD PROPERT[R

g AT 20° C

e
Abaonlulé
viﬁcOﬁity,

Anhydtous

Ry
{vff;sfik ethanol

radius, adius, Rol of jeb
Ro» Ly cm/ sec
cm cm

Ethanol
Freon TF
Ethanol
Froeon T
Ethanol
Ethanol
Freon
Erhand )
Freon TF

.50 1.5 .33 26.4
19.9

T . .
. § s v e —
ERXNLE Lol B

.
-
i - FEAANTYES, i




TABLE 2. ~ Concluded.
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Test Nozzle Disk | Ratio, | Velocity Reynolds Weber Flow

1iquid | radius, | radius, ROIL of jet, | number, | number, | cate-

Ry, L, cm/sec | pVRy/ 1 oVZRD/c gory

cm e

Ethanol 0.75 1.5 0.50 15.4 760 6.2 ]
Ethanol .75 1.5 19.1 942 9.6 s
Ethanol .75 1.5 19.9 986 10.5 5
Ethanol .50 1.0 26.4 368 12.2 s
Frec . TF .50 1.0 17.7 1996 13.2 )
Er' nol .75 1.5 28.2 1891 21.0 s
Eth. 10l .50 1.0 34.9 1148 21.3 T
Freon TF .50 1.0 23.3 2628 23.0 T
Ethanol .75 1.5 34.4 1697 31.2 T
¥thanol .50 1.0 46.1 1516 37.4 T
Freon TF .50 1.0 31.9 3490 43.2 T
Ethanol .75 1.5 41.2 2036 44.7 I
Ethanol .50 1.0 52.3 1720 48.2 T
Freon TF .50 1.0 37.5 4230 59.5 1
Ethanol .75 1.5 ‘ 47.5 2347 50.6 1
Ethanol .50 1.0 85.7 2820 124.0 I
Ethanol .75 1.0 .75 12.7 63C 4.2 5
Ethanol 22.5 111¢ 13.3 5
Ethanol 24.8 1227 16.2 5
Ethanol 27.3 1350 19.7 T
Ethanol 29.4 1454 22.9 T
Ethanol 32.0 1580 27.0 T
Ethanol 35.0 17130 32.3 T
Fthanol 39.1 1930 50.2 1
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TABLE 3. - SUMMARY OF PARAMETERS ~ NORMAL GRAVITY

Test liquid Nozzle Disk Ratio, | Ratin, Weber 1 Reynolds | Bord Rat o,
radius, | radius, il"/I. IIJ’Ru number, | number, b, Rr'/k” 1
E%; 'c.‘.;n Uv R()/” ."thl'-- ngRﬂ/o ,
Distilled water 0.25 0.50 0.50 4 in 4775 G. 832 19.496
.50 .50 20 5261 22,50
.75 .33 4 4775 N 1.8
.15 .13 20 5261 24 . KR
1.0 .25 4 4175 23, 4m
1.0 25 2Q 5261 25.0
1.5 167 4 4775 20,484
1.5 167 20 5261 27,78
2.0 .125 4 4775 1R.42
Y 2.0 .125 20 Y 5261 \ 19.14
. 50 .75 b67 2 26 3775 3,42 5. 76
.75 667 10 5815 9.2
1.0 .50 2 37275 1
1.0 .50 10 5815 Y,
1.5 .13 2 1775 6,33
1.5 .13 0 5815 Y,47?
2.0 .25 2 3775 .01 ‘
2.0 .25 10 Y 5815 Y §. R0
W75 667 2 L4 4550 .39 7.05
.75 N1y 5 5300 L'IR{A
.75 067 10 6350 10,40
1.0 S0 2 4550 Ko |
1.0 500 ' n 6130 10,40 !
1.5 L1337 Y. 4550 R34
1.5 L3113 m 6330 1.6
2.0 .25 2 J 4550 PRR
2.0 .25 10 | #1710 | | 1,60 |
.75 667 2 102 b0 1. 40 Vs |
7Y Lbk7 1y 850 Do, s
1.0 .50 2] 6a70 | TR
1.0 .50 1w R LT I ST
1.5 EY L boesio e
1.5 L343 n o P7RND IE LT,
Y {f L0 oo o ’ + 647t : ! T,
L AESLIN T LI L S L FRER

]
+~
-
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TARLE 1. ~ Coneluded,

Test Yiquid Nozzle Dink Ratio, | Ratlo, Heher Revnolds Lon:d Rt ‘”.1
radius, | radius, Rufl. "/Ro number, | number, number, | B )/I-: |
R, L, VR /| er s feartse PO l
[+] [4] (3] 1y}
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Figure 1.

2006

- Schematic of liquid jet im-
pinging cn a flat plate.
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Figure 2. - Flow patternas a fraction of nozzle
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Figure 3. - Flow pattern as a function of jet radius.
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